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HOMOTOPY INVARIANT PRESHEAVES WITH FRAMED TRANSFERS 


GRIGORY GARKUSHA AND IVAN PANIN 


ABSTRACT. The category of framed correspondences Fr t (k), framed presheaves and framed 
sheaves were invented by Voevodsky in his unpublished notes Based on the theory, framed 
motives are introduced and studied in (3). The main aim of this paper is to prove the following 
result, which was first announced in (3j. 

For any A 1 -invariant quasi-stable radditive framed presheaf of abelian groups JF the asso¬ 
ciated Nisnevich sheaf ,F n is is A 1 -invariant provided that the base field k is infinite. Moreover, 
if the base field k is perfect and infinite then every A 1 -invariant quasi-stable Nisnevich framed 
sheaf is strictly A 1 -invariant. 

This result and the paper are inspired by Voevodsky’s paper CD 
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1. Introduction 

The main result can be restated in terms of ZF* -presheaves of abelian groups on smooth 
varieties. Recall that ZF* (k) is defined in 00 as an additive category whose objects are those of 
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Sm/k and Hom-groups arc defined as follows. We set for every n^O and X,Y G Sm/k, 
ZF n (X,Y) = ZFr n (X,Y)/(Z\ U Z 2 -Z l -Z 2 ), 

where Z| .Z 2 are supports of correspondences. In other words, ZF n (X. Y) is a free abelian group 
generated by the framed correspondences of level n with connected supports. We then set 

Hom ZFtW (Z,7) = 0Z F n (X,Y). 

rC? 0 

The canonical morphisms Fr*(X,F) —> Honigf;^) (X.Y) define a functor R : Fr t (k) —r ZF*(&), 
which is the identity on objects. For any A 1 -invariant quasi-stable ZF*-presheaf of abelian 
groups iF the functor FF o R : Fr*(k) op — >• Ab is A 1 -invariant quasi-stable radditive framed 
presheaf of abelian groups. 

By definition, a Fr*-presheaf -F of abelian groups is stable if for any ^-smooth variety 
the pull-back map of : -F{X) -y ,F(X ) equals the identity map, where 0 \ = (X x 0. A x 
A l ,t',prx) € Fr\(X,X). In turn, ,F is quasi-stable if for any A smooth variety the pull-back 
map of : <F(X) —> FF{X) is an isomorphism. Also, recall that .F is radditive if .F{%) = {0} 
and F{X x UX 2 ) = <F(X ,) x &(X 2 ). 

For any A '-invariant stable radditive Fry -presheaf of abelian groups G there is a unique A 1 - 
invariant stable ZA h -prcshcaf of abelian groups ,F such that G = .F o R. This follows easily 
from the additivity theorem f3j Theorem 5.1]. 

That is the category of A 1 -invariant stable radditive framed presheaves of abelian groups is 
equivalent to the category of A 1 -invariant stable ZF^-presheaves of abelian groups. 

The latter means that the main result announced in the abstract is equivalent to the following 

Theorem 1.1 (Main). For any A 1 -invariant quasi-stable Z A* -presheaf of abelian groups .F, the 
associated Nisnevich sheaf -F n v is A 1 -invariant provided that the base field is infinite. Moreover, 
if the base field k is perfect and infinite then every A 1 -invariant quasi-stable Nisnevich framed 
sheaf is strictly A 1 -invarian t and quasi-stable. 

In the rest of the paper we suppose that the base field k is infinite. 

Acknowledgements. The authors would like to thank Alexey Ananyevskiy, Andrey Druzhinin 
and Alexander Neshitov for many helpful discussions. 

2. A FEW THEOREMS 

The main aim of this section is to state a few major theorems on preshaves with framed 
transfers. As an application, we deduce the following result (which is the first assertion of 
Theorem ll.il ). 

Theorem 2.1. For any A 1 -invariant quasi-stable ZF t -presheaf of abelian groups FF, the asso¬ 
ciated Nisnevich sheaf ,F n \ s A A 1 -invariant and quasi-stable. 

We need some definitions. We will write (V. <p:g) for an element a in Fr n (X .Y). We also 
write Z a to denote the support of (V. (p',g). It is a closed subset in X x A" which is finite over X 
and which coincides with the common vanishing locus of the functions (pi,..., % in V. Next, by 
(V, <p\g) we denote the image of the element 1 • (V, (p:g) in Z F n (X,Y). 

Definition 2.2. Given any k-smooth variety X, there is a distinguished morphism Ox = (A x 
A 1 ,t,prx) € Fr\(X,X). Each morphism f :Y —>X in Sm/k can be regarded tautologically as a 
morphism in Fro(Y,X). 
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In what follows by SmOp/k we will mean a category whose objects arc pairs (X. V), where 
X E .S'/?? /k and 7 is an open subset of X, with obvious morphisms of pairs. 

Definition 2.3. Define r LFfi r (k) as an additive category whose objects are those of SmOp/k and 
Hom-groups are defined as follows. We set for every n ^ 0 and (X,7), ( Y,W ) E SmOp/k: 

ZF pr {(Y,W),(X,V)) = ker[ZF„(7,X)®ZF„(I7,7) ^4 ZF„(W,X)], 

where iy '. W —y Y is the embedding and ix : V —y X is the embedding. In other words, the group 
ZFf r ((7,17), (X,V)) consists of pairs ( a,b ) E ZF„(7,X) ©ZF„(7°,X°) such that iyob = aoix- 
By definition, the composite ( a,b ) o {a' ,b’) is the pair (( aob ), {a' ob')). 

We define r LF,f k) as an additive category whose objects are those ofSm/k and Hom-groups 
are defined as follows. We set for every n 0 and X. Y E Sm/k: 

ZF*(7,X) = Coker [ZF* (A 1 x Y,X) ^y ZF*(7,X)]. 

Next, one defines Z F P J (k) as an additive category whose objects are those of SmOp/k and 
Hom-groups are defined as follows. We set for every n > 0 and (X,7), (7,17) E SmOp/k: 

ZFf((7,17), (X, 7)) = Coker[ZFf(A 1 x (7, 17), (X,V)) ZF pr ((Y, W), (X,7)]. 

Notation 2.4. Given a E ZF*(7,X), denote by [a] its class in ZF*(7,X). Similarly, ifr = (a.b) E 
Z F pr ((y, W), (A, V)), then we will write [[/•]] to denote its class in ZF* r ((7,17), (X,7)). 

IfX° is open in X and 7° is open in Y and g(Z°) C 7° with Z° the support of (7, (p:g), then 
((V , <p;g)) will stand for the element (( V , <p;g), (7°, <p°;g 0 )) in Z F„((X,X°), (7,7°)). 

17e will as well write [7, <p;g] to denote the class of (7, <p;g) in Z F n (X,Y). In turn, [[7, <p;g]] 
will stand for the class of ((V, (p\g)) o/ZF„((X,X°), (7,7°)). 

Remark 2.5. Clearly, the category r LFfik) is a fidl subcategory ofLFf (k) via the assignment 
X H y (X,0). Similarly, the category r LF if (k) is a fidl subcategory ofZF p (k) via the assignment 
X4 (X,0). 

In what follows we will also use the following category. 

Definition 2.6. Let ZF* ik) be a category whose objects are those of SmOp/k and whose Hom- 
groups are obtained from the Hom-groups of the category ZF* (k) by annihilating the identity 
morphisms id( X .x) of objects of the form {X ,X) for all X E Sm/k. 

Notation 2.7. If r = (a,b) E ZFf r ((7,17), (X,V)), then we will write [[/■]] for its class in 
ZF*((7,17), (X,7)). For (X,7) in SmOp/k we write ((Ox)) for the morphism (l-oy,l- cy) in 

ZF!((X,7),(X,7))._ ' ' ' = ‘ 

We will denote by [[7, (p',g]\ the class of the element [[7, <p;g]] in ZF„((X,X°), (7,7°)). 

Construction 2.8. Let JF be an A 1 -invariant ZF* -presheaf of abelian groups. Then the assign¬ 
ments (X,7) i->- ^(X,7) := &(y)/Im(&(X)) and 

(a,b) i ^ [(a,b)* = b* : &(V)/Irn(&{X)) -y &(W)/Im(&(Y))], 

for any ( a,b ) E ZF*((7,I7), (X,7)) define a presheaf LP pairs on the category r LFfik). 

The nearest aim is to formulate a series of theorems (each of which is of independent interest), 
which are crucial for the proof of Theorem ll.il 
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Theorem 2.9 (Injectivity on affine line). Let U C A l k be an open subset and let i : V U be 
a non-empty open subset. Then there is a morphism r £ ZF\(U,V) such that [/] o [r] = [op] in 

m(u.u). 

Theorem 2.10 (Excision on affine line). Let U C A l k be an embedding. Let i :V U be an 
open inclusion with V non-empty. Let S C V be a closed subset. Then there are morphisms 
r £ ZFi (((/, U - S ), (V, V - 5)) and l £ ZF X ((U, U - S), (V, V - S)) such that 

inZF\((U,U-S),(U,U-S)) andZF\((V,V-S),(V,V-S)) respectively. 

Theorem 2.11 (Injectivity for local schemes). LetX £ Sm/k, x £X be a point, U = Spec{fJ ! x . x ), 
i: D '-G X be a closed subset. Then there exists an integer N and a morphism r £ AF^iU ,X — D) 
such that 

M o \j\ = [can] o [o$] 

in ZFn(U,X) with j : X — I) ,: -G X the open inclusion and can : U —>X the canonical morphism. 

Theorem 2.12 (Excision on relative affine line). LetX £ Sm/k, x £X be a point, W = Spec(//x. x ) 
Let i: V = (A^)y C be an affine open subset, where f £ ^x,x[t] is monic such that /(0) £ 
f/f x . Then there are morphisms 

r £ ZFi((Aj v , A^ — 0 x W),(V,V — Ox W)) and 1 £ Z/q((A^, A^ - 0 x W), (V, V - 0 x W)) 
such that 

MoM=PaT]I^MoM=M 

in ZfT((A^, A^ -0 x W), (A^, A l w -0 x W)) andZF\((V,V - Ox W), (V, V -0 x W)) respec¬ 
tively. 

To formulate further two theorems relating etale excision property, we need some prepara¬ 
tions. Let S C X and S' C X' be closed subsets. Let 

V -s- X' 

n 

V - 

be an elementary distinguished square with X and X' affine ^-smooth. Let S = X — V and 
S' = X' — V' be closed subschemes equipped with reduced structures. Let x £ S and x' £ S' be 
two points such that n(x') = x. Let U = Spec{&xx) and U' = SpecfGx 1 ,y )■ Let n : U' —> U be 
the morphism induced by II. 

Theorem 2.13 (Injective etale excision). Under the notation above there is an integer N and a 
morphism r £ ’LF^ifU, U — S), (X',X' — S')) such that 

in 7 jFn((U, U — S),(X,X — S)), where can :U -G X is the canonical morphism. 

Theorem 2.14 (Surjective etale excision). Under the notation above suppose additionally that 
S is k-smooth. Then there are an integer N and a morphism l £ "LF^lfU, U — S),(X',X' — S')) 
such that 

_ IoM = »W 

in ZFjv((t/ / , U’ — S'), {X',X' — S')) with can' : U' -G X' the canonical morphism. 
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We are now in aposition to prove the following 

Theorem 2.15. For any A 1 -invariant quasi-stable r LF if -presheaf of abelian groups FF the fol¬ 
lowing statements are true: 

(1) under the assumptions of Theorem 12. 9\ the map i* : FP(U ) —> FP(V ) is injective; 

(2) under the assumptions of Theorem 12. 1 01 the map 

[[/]]*: &(u - s)/&{u) -> FP(y - s)/&{y) 

is an isomorphism; 

( 3 ) under the assumptions of Theorem 12.7 7 1 the map 

rj*: JF(U) —»■ FF{Spec(k(X)) 

is injective, where l] : Spec(k(X)) —> U is the canonical morphism; 

( 3 ’) under the assumptions of Theorem \2.11\ let Ujj be the henselization of U at x and let 
k(Ux) be the function field on Ulj. Then the map 

r)t-.FF{U h x )^fi?{Spec{k(y h x )) 

is injective, where l]i, : Spec{k{U^)) —> U!j is the canonical morphism; 

(4) under the assumptions of Theorem 12. 12 1 the map 

[[/]]* : FP{Aw - 0 x W)/&{A{y) ->■ JF(V -Ox W)/&{V) 
is an isomorphism; 

(5) under the assumptions ofTheorems \2.13\ and \2.l4\ t1ie map 

[[II]]* : &(U - S)/&(U) -A &(U' - S')/&(U') 
is an isomorphism. 


Proof Firstly we may assume that FT is stable. Now assertions (1), (3) and (3’) follow from 
Theorems 12.91 and 12.111 To prove assertions (2), (4) and (5), use Construction 12.81 and apply 
Theorems 12. 101 12T21I2.131 and !2.14l respectivelv (recall that ■'F is stable). □ 

Proof of Theorem [2771 Firstly, (1) and (2) show that J^j A i is a Zariski sheaf. Using (5) applied 
to X = A 1 , one shows that for any open V in A 1 one has ms(Y ) = .:X(V). 

Now consider the following Cartesian square of schemes 


Spec(k(X)) — -»-X 


l 0,k(X) 

A 1 

^k{x) 


io,x 


rjxid 


XxA 1 


Evaluating the Nisnevich sheaf on this square, we get a square of abelian groups 


FP Nis (Spec(k(X))) X - & Nis {X) 


; 0 ,k(X) 


( T]xid )* 


"Nis 


(XxA 1 ; 


The map f x is plainly surjective. It remains to check its injectivity. The map (rj x id)* is 
injective (apply (3’)). As already mentioned in this proof, &Nis( A l(X)) = ^X\(x)))- Since 
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&Nis{Spec(k(X )) = JF( Spec(k(X )), we see that the map i) }k!X , is an isomorphism. Thus the 
map /q X is injective. □ 

We finish the section by proving the following useful statement, which is a consequence of 
Theorem l2.15! item 4): 

Corollary 2.16. LetX € Sm/k, x G X be a point, W = Specif/x .x)- Let "V := Spec(ff Wx A y^o)) 
and can :f / 4ffxA l k the canonical embedding. Let TP be an A 1 -invariant stable ZF*- 
presheaf of abelian groups. Then the pull-back map 

[[can]}* : P(W x (A 1 - {0 }))/P(W x A 1 ) ->• P(Y - W x {0}) /^(Y) 

/.v an isomorphism (both quotients make sense: the second quotient makes sense due to Theorem 
\2.15\ item 3), the first one makes sense due to homotopy invariance of TP). 

Proof. Consider the IT-sc he me VT x P 1 and effective divisors of the form HUD on IT x IP 1 such 
that H is a section of the projection VT x P 1 —> VT, D is a reduced divisor, H fl (VT x 0) = 0 and 
D fl (VT x 0) = 0. For such a divisor set Vh.d '■= VT x P 1 — (HUD). Note that (VT x 0) C Vh,d- 
Consider the category, if, of Zarisky neighborhoods of (VT x 0) in VT x IF' 1 as well as the 
presheaf V i ->■ 2P(V — W x 0)/fm(.P(V)) on if. Clearly, the category % J is co-filtered. By 
definition, one has 

&(y) = Km&(V) and P("V - VT x 0) = limJ^T - VT x 0), 

where V runs over all Zarisky neighborhoods of (VT x 0) in VT x P 1 . Thus 

PfV -W x {0})/TP(Y) = X\mTP(y - W x 0)/Im(TP(V)). 

Let if' be the full subcategory of if consisting of objects of the form Vh.d- Since the base field 
k is infinite and VT is regular local, then the subcategory if' is cofinal in if. Thus, 

P(Y - VT x {0})/^(r) = lim &(V h ,d - VT x 0 )/lm(P(V H , D ))- 
We claim that for any inclusion £ : V /■—> V//, o l the pull-back map 

[[£]]* : &(V Hl , Dl -Wx 0 )/Im(P(V Hl , Dl )) -> .P(V Hl j h ~Wx 0) / Im(&(V h 2 ,d 2 )) 

is an isomorphism. To prove this claim, note that the inclusion above yields an inclusion H i U 
D\ CH 2 U Do. We have that either H\ = Ho or H\ C Do. In the second case one has H\U\H 2 = 0, 

oc j3 

H i C Do and Hi U H\ C Hi LI Do . If H\ = Ho, then one has inclusions Vh 2 ,d 2 —> V//, .d, —> Vh u q- 
Set y = (5 oa. By Theorem 12. 15f item (4)) the maps [[j8]]* and [[/]]* are isomorphisms. Thus 
the map [[a]]* is an isomorphism in this case, too. In the second case consider inclusions 

Vh 2i d 2 Vh 2 ,H\ —> Vh 2 ,o and set a = /3 o y. By Theorem 12. 151 item (4)) the maps [[/3]]* and 
[[a]]* are isomorphisms. Thus the map [[y]]* is an isomorphism. Now consider inclusions 

Vh 2 ,H[ T//, j and V/po, —> Vh u h- One has 8 oy = p og. We already know that [[y]]* is an 
isomorphism. By Theorem 12. 15I item (4)) the maps [[p]]* and [[5]]* are isomorphisms. Thus 
[[e]]* is an isomorphism in the second case, too. The claim is proved. Thus for any Vh.d € FT' 
the map 

,P(V h .d - VT x 0) /Im(&(y H p)) -u TP(V - VT x {0}) /&(Y) 
is an isomorphism. In particular, the map 

P(W x A 1 - VT x 0) /TP(W x A 1 ) = P(V Wxoo , 0 - VT x 0) /P(V W x^) -v TP(fV — W x {0}) /P(V) 
is an isomorphism, whence the corollary. □ 
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3. Notation and agreements 


Notation 3.1. Given a morphism a £ Fr n (Y,X), we will write (a) for the image of I • a in 
ZF n (Y,X ) and write [a] for the class of (a) in 7LF n (Y,X). 

Given a morphism a £ Fr n (Y.X), we will write Z a for the support of a (it is a closed subset 
in Y x A" which finite over Y and determined by a uniquely). Also, we will often write 

(Ai> <Pa x ^'iSa ■ A X) 

for a representative of the morphism a (here ( "F a .p : "F a —r Y x A",j : Z„ 4 A) is an etale 
neighborhood ofZ a in Y x A"). 


Lemma 3.2. If the support Z a of an element a = ('A, (p'.gf) £ Fr n (X. Y) is a disjoint union 
of Z\ and Zi, then the element a determines two elements a\ and a 2 in Fr n (X. Y ). Namely, 
a\ = (A — Z 2 , (p\y ~zA g\-y -z-,) an d a 2 = (A — Z\, <p|^_ Zl ;g|r_z, )■ Moreover, by the definition 
of'LFfiX. Y) one has the equality 

(a) = {ai) + (a 2 ) 


in Z F n (X,Y). 


Definition 3.3. Let i Y and ix be open embeddings. Let a £ Fr n (Y,X). We 

say that the restriction a\y of a to Y’ runs inside X', if there is a 1 £ Fr n (Y’ ,X') such that 

ix oa = ao i Y (1) 

in Fr„(Y',X). 

It is easy to see that if there is a morphism a' satisfying condition 0, then it is unique. In 
this case the pair (a,a') is an element ofZF n ((Y,Y'), (X,X r )). For brevity we will write ((a)) 
for (a,a'). 

Lemma 3.4. Let iy : K'a l 7 and ix be open embeddings. Let a £ Fr n (Y,X). Let 

Z u C Y x A” be the support of a. Set Z' a = Z a n Y' x A' 1 . Then the following are equivalent: 

(1) ga(Z') C X'; 

(2) the morphism a\y runs inside X'. 

Proof. (1) =>- (2). Set A' = pf 1 flg^ 1 (A'), where p Y = pry o p a : A —>■ Y x A". Then a’ := 
(A', (p\y)\g\r') £ Fr n (Y',X') satisfies condition 0. 

(2) (1). If a\ Y ' runs inside X', then for some a' = (A , ,<p , ;g / ) £ Fr n (Y',X')) equality 0 

holds. In this case the support Z' of a' must coincide with Z' a = Z a n Y' x A” and g a \yj = g'\z’- 
Since gfZ 1 ) is a subset of X' , then g a (Z' a ) = g a (Z') C X'. □ 

Corollary 3.5. Let i Y \Y'^yY and ix : X' r ~r X be open embeddings. Let he = (A 9 ,(pe',ge) € 
Fr n ( A 1 x Y,X). Suppose Zq, the support of he, is such that for Zg := Zq PlA 1 xf'x A" 
one has ge(Z' e ) C X’. Then there are morphisms ((he)) £ ZT^A 1 x (Y,Y'), (X,X')), ((ho)) £ 
Z F n ((Y,Y'), (X,X')), ((hi)) £ Z F n ((Y,Y'), (X,X')) and one has an obvious equality 

[M = [N] 

inW n ((Y,Y')fiXX))- 

Lemma 3.6 (A disconnected support case). Let i Y \Y’ r -yY and ix : X' > X be open embed¬ 
dings. Let a £ Fr n (Y,X ) and let Z a C Y x A" be the support of a. Set Z' a = Z a DY' x A". Suppose 
that Z a = Z a y UZ„, 2 . For i = 1,2 set A = A — Z a j with j £ {1,2} and j f i. Also set (pi = (p a \y. 
andgi = g a \-y r Suppose a\ Y > runs inside X', then 
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(1) for each i = 1,2 the morphism a,- := (F), (pi',gi) is such that a, | yi runs inside X 1 ; 

(2) ((a)) = ((ai)) + ((a 2 )) in ZF„((YX), (X,X')). 

4. Some homotopies 

Suppose U,W cA( are open and non-empty. 

Lemma 4.1. Let a$ = (F,(p;go) G Fr\(U,W), a\ = (F,(p;gi) € Fr\(U,W). Suppose that 
the supports of ao and a\ coincide. Denote their common support by Z. If go\z = gi|z , then 
[ao] = [at] in ZFi(U,W). 

Proof Consider a function ge = (1 — 6)go + 0gi : A 1 x F —> A 1 and set Fe = gg 1 (W), 90 = 
(p o pry : "Vq —> A{. Next, consider a homotopy 

he = ( n,(pe',ge ) G Fn(A‘ x f/,W). (2) 

The support of Iiq equals A 1 xZcA 1 x U xA 1 . Clearly, ho = ao and /q = a\. Whence the 
lemma. □ 

Corollary 4.2. Under the assumptions of Lemma \4.1\ let U' CU and W' C W be open subsets. 
Suppose that ao\u’ runs inside W’. Then a\\u' runs inside W', the restriction Ae |a 1 xf/' of the 
homotopy he runs inside W' and 

_ ^ M = M 

inZF l ({U,U r ),(W,W')). 

Lemma 4.3. Let ao = (F,(puo',g) € Fr\(JJ,W), a\ = {F, q>up,g ) G Fr\(U,W), where uo,ui € 
A ['A] are units. In this case the supports ofao and a \ coincide. Denote their common support by 
Z. Suppose uo\z = u\\z, then [ao] = [ai] in Z,F\(U ,W). 

Proof. Setae = (1 —0)o + (Aq G k[A l xF\. Clearly, we| A i xZ = pr* 7 (uo) = pr 7 (u\) G ^[A 1 xZ], 
Let F e = {ue + OjcA’xL Set, 

he = {F 0 ,ug(p-,gopry) G Fr^A 1 xU,W). (3) 

The support of he equals A 1 x Z C A 1 x 17 x A 1 . Clearly, ho = ao and /q = a\. Whence the 
lemma. □ 

Corollary 4.4. Under the assumptions of Lemma 14.71 let U' <ZU and W C W be open sub¬ 
sets. Suppose ao\u' runs inside W'. Then a\\u / runs inside W', the restriction A e | a 1 x f/ r of the 
homotopy he from the proof of Lemma \4~3\ runs inside W' and 

M = M 

inW l ({U 1 U , ),(W,W')). 

Lemma 4.5. Let U C A), be non-empty open as above. Suppose Fg(Y ) = Fj (T) G k[U] \Y\ Let 
degy(Fo) = degy{F \) = d > 0 and let their leading coefficients coincide and are units in k[U}. 
Then, 

[UxA\Fo(Y),pr u } = [UxA\F 0 (Y),pr u ]€ZF l [U,U]. 

Proof. Set Fg(Y) = (1 — 6)Fo(Y) + 0Fi(Y) £k[U][6,Y]. Consider amoiphism 

he = (A 1 x U x A 1 ,Fe',pr A i xU ) G Fr\ (A 1 x U,U). (4) 

Clearly, ho = (U x A 1 ,Fo(Y),prjj) and A 1 = (U x A 1 ,F\(Y),pru). Whence the lemma. □ 
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Corollary 4.6. Under the assumptions of Lemma 14.51 let U' C U be an open subset. Then 
( U X A 1 ,Fo(Y),pry)\u', (U x A 1 ,Fi(Y),pru)\u’ nms inside U' and the restriction hg\ A i xU i of 
the homotopy h g from the proof of Lemma 14.51 runs inside W' and 

[P x A 1 , F Q (Y), pru ]] = [p x A 1 , F 0 (Y),p ru \ € ZF X [(U,U% (U,U')]\ 

inZFi((U,U r ), (U,U')). 

Proposition 4.7. Let U C A| and U' C U be open subsets. Let t € A [A 1 J be the standard 
parameter on h\. Set X := (t <S) l)|f/x{/ £ kp xU] and Y := (1 < 8 > t)\u*u € kp xU]. Then for 
any integer n f 1, one has an equality 

[P x U, {Y-X) 2n+ \p 2 ]} = [p x U, (F -Xf\ P2 }] + [[ou]] 

inZFi((U,U'), (U,U')). 

Proof. Let m f 1 be an integer. Then 

[p x U, (Y-X) m ,p 2 ]} = [p x U, (Y-X) m , Pl }} = [p x A 1 , (7 -X) m , Pl }} = [p x A l ,Y m , Pl ]] 

_ (5) 

in ZFi((U,U'),(U,U r )). The first equality follows from Corollary 14.21 the third one follows 
from Corollary 14.61 the middle one is obvious. 

There is a chain of equalities in 7LF\{pj,U r ), ( U,U r )): 

[[£/ x A \Y 2n+l - Pl ]} = [p x A l ,Y 2n (Y + l);pi]] = 

= [p x (A 1 - {—1}),T 2 "(T + 1); P1 ]] + [p x (A 1 - {0}),F 2n (F + 1 ); Pl ]] = 

= [[r 0 ,F 2 «;p 1 ]] + [[r 1 ,(F + l);p 1 ]] = 

= [p x A \Y 2n -pf] + [p x A 1 , (F + 1 );pi]]. 

Here the first equality holds by Corollary 14. 61 the second one holds by Lemma lT 6 l the third one 
holds by Corollary 14.41 the forth one is obvious (replacement of neighborhoods). 

Continue the chain of equalities in ZF\((U,U')) as follows: 

[p x A\Y 2n ; Pl }] + [[£/ x A 1 , (F + l); Pl ]] = [p x A 1 , (F -X) 2n - Pl }} + [p x A l ,Y\ Pl ]] = 

= [p x A 1 , (F - X) 2n - Pl }} + [[ au ]] = [p x A 1 , (F -X) 2n - P2 }} + M- 

Here the first equality holds by Corollary 14.61 the second one holds by the definition of <5u (see 
Notation l2.7l) . the third one holds by Corollary 14.21 We proved the equality 

[p x A 1 ) F 2 n+ 1 ;p 1 ]] = [p x A \{Y-X) 2 '\ P2 ]} + [[a^]]. ( 6 ) 

Combining that with the equality © for m = 2n + 1 we get the desired equality 

[p x A \Y 2n+l -,p 2 ]} = [p x A 1 , (F -X) 2 \ P2 \] + [[auj] 

in ZFi((U,U'), ( U,U')). Whence the proposition. □ 
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5. Injectivity and excision on affine line 


The aim of this section is to prove Theorems l2.9l and l2.10l 

Lemma 5.1. LetU C A 1 be open and non-empty. LetA = A l k —U. Let Gq(Y),G\(Y) ek[I/][F] 
be such that 

( 1 ) degy(Go) = deg Y (G\); 

(2) both are unitary in Y and the leading coefficients equal one; 

(3) Go\uxa = G\\uxa £ k[U x A] x . 

Then 

[lUxU,G 0 -,p2\ = [UxU,G 1 -p2\ 

in ZF\(U,U). 

Proof. One has a homotopy he = (A 1 x U x U,Gq,Pa 1 xu ) £ Fr\{ A 1 x U,U), where Gq = 
(1 — 6)Go + 6Gi. Its restriction to 0 x U and to 1 x U coincides with morphisms ( U x U. Go; p 2 ) 
and (U x U ,G\,p 2 ) respectively. Whence the lemma. □ 

Proof of Theorem 1279] Under the assumptions of this theorem set A = A l k — U and B = U — V. 
For each big enough integer m f 0 find a polinomial F m (Y) £ k\U] \Y] such that F m (Y) is of 
degree m with the leading coefficient equal 1 and such that 

(i) F m (Y)\ UxA = (F — X) m \ UxA £ I[f/xA] x ; 

(ii) F m (Y)\ UxB = l£k[UxB}*. 

Take nG$> 0 and set r = (U x V. F 2n + i; pry) — (U x V. Fi,, ; pry) £ hF\(U,V). Then one has a 
chain equalities in JjF,U): 

[/] O [r] = [Ux U,F 2 n+i;p 2 ] - [U x U,F 2n -,P2\ = [UxU, (Y-X) 2n+l ; p 2 ] -[UxU, (Y-X) 2n ;p 2 ] = 

= [ a d- 

Here the first equality is obvious, the second one holds by Lemma 15711 the third one holds by 
Proposition 14.71 Whence the theorem. □ 

Corollary 5.2 (of Lemma [5711) . Under the conditions and notation of Lemma \5 . l\ let S <ZU be a 
closed subset. Additionally to the conditions (1) — (3) suppose that the following to conditions 
hold: 

(4) G Q (Y)\ UxS = Gi(Y)\ UxS , 

(5) Go(T)|(f/_.s’) x .s’ is invertible. 

Then one has an equality 

[[UxU,G 0 -,P2]) = [[UxU,G l -,p 2 }] 
in ZFi ((U,U-S),(U,U- S )). 

Proof of the corollary. The support Zq of the homotopy he from the proof of Lemma [571] co¬ 
incides with the vanishing locus of the polinomial Gq. Since <27e| a.' x(u-S)xS i s invertible, then 
Gq n A 1 x (U — S) x S = 0. By Lemma the homotopy he |A‘x(t/-s)xt/ runs inside U — S. Hence 

[[[/ x U,G 0 -p 2 }] = [[ho]} = [[h]} = [[U x U,Gi-,p 2 ]] 

in 7jFi((U,U — S), (U,U — S)). In fact, the second equality here holds by Corollary 13.51 The 
first and the third equalities hold since for i = 1,2 one has h-, = (U x U, Gy, p 2 ) in Fry (U,U). □ 


to 




Proof of Theorem \2. 1 0\ Firstly construct a morphism r £ ZF\ ((U. U — .S’)), (V. V — S )) such that 
for its class [[r]] in ZF\((U,U — S)), (V,V — S)) one has 

MMMHM (7) 

in Wi((U,U-S)),(U,U-S)). 

To this end set A = A l k — U, B = U — V. Recall that S C V is a closed subset. Take any big 
enough integer m ^ 1 and find a unitary polinomial F m (7) of degree m satisfying the following 
properties: 

(i) F m (Y)\ UxA = (Y-X) m \ UxA £ k[U X A] x ; 

(ii) F m {Y)\ UxB = l£k[UxB] x - 

(hi) ^(7)^x5 = (7 -X)"W e kp x S\. 

Note that F m (Y)\( U _ S y xS £ k[(U —S)xS] x . Hence by Lemma [3~4l the morphism ( U x V, F m ; pry ) € 
Fr\ (U,V) being restricted to U — S runs inside V — S. Thus using Definition 13.31 we get a mor¬ 
phism 

{(U xV,F m -,pr v )) em({U,U-S)),(V,V-S)). 

For that morphism one has equalities 

[[/]] o [[U x V,F m ;pr v ]] = [[U x U,F m \p 2 \] = [[U x U, (7 -X) m -p 2 ]] 

in ZF\ ((U, U — .S')), (U.U — S)). Here the first equality is obvious, the second one follows from 
Corollary 15.21 Take a big enough integer n. Set 

r={(UxV,F 2n+1 -,prv))-{{UxV,F 2n -,prv))eZF l ((U,U-S)),(y,V-S)). 

We claim that [[/]] o [[r]] = [[<Tc/]] in ZF\((U,U — S)), (U,U — S)). In fact, 

[|i|] » [Ml = \{u X U,(Y-Xf"*'-,p 2 \] - HU x U,(Y = [[<J„|], 

The first equality proven a few lines above and the second one follow from Proposition 14.71 
Whence equality d7]) holds. 

Now find morphisms / € ZF X ( (U, U - S)), (V, V - S) ) and g € Ziq ( (V, V - S) ), (V - 5, V - 5)) 
such that 

_ ra]o[[/]]-[[ii]°fe]] = M (8) 

in Z Fi(V,V -S)),(V,V -S)). Here j : (V-S,V-S) -+ (V,V-S) is the inclusion. Clearly, 
equality ([ 8 ]) yields [[/]] o [[*']] = [[ay]] € ZFi(V,V - S)), (V,V - S)). 

Set A' = A\ — U , B = U — V and recall that S C V is a closed subset. Take an integer m big 
enough and find a monic in 7 polinomial F m (Y ) <G klJ] ]Y] such that 
(i) F m (Y)\ UxA , = (Y-X)\ UxA ek[U xA'] x ; 

(h) F m (Y)\ UxB = lek[UxB] x - 
(hi) F m (Y)\u x s = (7 -X)| (/X 5 G k[U x S]. 

Note that F m (Y)\^ u _ s y xS G k[(U — S) x .S'] x . Hence by Lemma lTdl the morphism (U x V. F m ; pry) £ 
Fr\ (U. V) being restricted to U — S runs inside V — S. Thus, using Definition 13,31 we get a mor¬ 
phism 

l = ((Ux V,F m -pr v )) £ ZFi((U,U — S)),(V,V — S)). 

To construct the desired morphism g, find a monic in 7 polynomial £)„_i G k\V\ \Y\ of degree 
m — 1 such that 

(h) £ m _i(7)|y xA = 1 \ jjxA G k[V xA'] x ; 

(ii’) E m —i (7)|y x g = (7 —X)~ l £ k[V x B] x ; 

(in’) £ m -i(7)|y xS =l|y xS Gk[f/xS]; 
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(iv’) £ m _ 1 (y)| A(v) = l| A(v) €*[A(V)]. 

Let G C V x Aj be a closed subset defined by £ m _i (Y) = 0. By conditions (/') — ( iv') one has 
G C V x (V-S) and GnA(U) = 0. Setg' = (V x (V - S) - A(V),(Y-X)E m _ 1 (Y))-,pr v _ s ) € 
ZFi(V,V — S). Since g'\v-s £ ZFi(V — S,V — 5), we get a morphism 

8 = (S',§' Iv-s) G ZFi((V, V - S )), (V - S, V - S )). (9) 

Claim 5.3. Equality © holds for the morphisms l and g defined above. 

Note firstly that/o((/)) = (( V xV,F m (Y)\ VxV ;pr 2 )) £ ZFi((V,V — S), (V,V —S)). Applying 
Corollary 15 .2l to the case V C A 1 , S C V and A := A'UB, we get an equality 

[[V xV,F m (Y)\ Vx v,pr 2 }\ = [[V xV,(Y-X)E m _ l {Yy,pr 2 }} 

in 7jFi((V,V — S), (V, V — 5)). By Lemma [3T6l and the fact that Gfl A(L) = 0, one has 

[[V xV,{Y-X)E m _ l (Y)-,pr 2 ]] = 

[[V x V - G,£ m _i(7 -Xy,pr 2 }} + [[V x V - A(V), {Y -X)E m _p,pr 2 ]) = 

= [[V xV — G,E m -\(Y - X)-pr 2 \] + [[;]] o [[g]] 
in Wi{fy,v-s)),(y -S,V-S)). 

One has a chain of equalities 

[[V xV — G,£,„_i(7 -Xfipn]} = [[VXV-G, (Y-X)-pr 2 ]] = [[V x V, (Y-X\,pr 2 }] = 

= [[V x V,Y-pn ]] = [[V x A\Y-,pri\] = [[o v ]]. 

The first equality holds by condition ( iv ') and Corollary 14.41 The second one is obvious. The 
third one is equality © for m = 1 from the proof of Proposition 14.71 The forth one is the 
definition of ({(Tv)) (see Definition 12 .2 1 and Notation 12.71 ). Combining altogether, we get a chain 
of equalities 

[[/]] o [[/]] = [[V x V,F m (Y)\ VxV :pr 2 ]] = [[V x V, (Y-X)E m _ 1 (Y);pr 2 ]] = [[a y ]] + [[;]] o [[g]], 
which proves the claim. Whence the theorem. □ 

6. Excision on relative affine line 

Proof of Theorem \2.12\ Let U = let V C U be the open V from Theorem 12. 121 Let S = 
Oxf. Note that S C V. Set A = — U = 0, B = U — V = {/ = 0}. Then B is finite over U, 

since / is monic. Note that B n (0 x W) = 0. 

Repeat literally the proof of Theorem 12. lQl tsee Section©. 

□ 


7. Injectivity for local schemes 

The main aim of this section is to prove Theorem 12.111 Let X £ Sm/k, x £ X be a point, 
U = Spec(6’x x ), i: D ■— > X be a closed subset. Under the notation of Theorem 12.1 II we will 
construct an integer N and a morphism r £ Z Fn(U,X — D ) such that 

M o \j\ = [can] o [ojj] 

in Z Fn(U,X). 
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Let X' C X be an open subset containing the point x and let D' = X' Hi D. Clearly, if we solve 
a similar problem for the triple U, X' and X' — D\ then we solve the problem for the original 
triple U, X and X — D. So, we may shrink X appropriately. In particular', we may assume that 
X is irreducible and the canonical sheaf co x /k is trivial, i.e. is isomorphic to the structure sheaf 
@x- Let cl = dimX. 

Shrinking X more (and replacing D with its trace), we can find a commutative diagram of the 
form 



( 10 ) 


where p : X —> B is an almost elementary fibration in the sense of 0], B is an affine open subset 
of the projective space 1 , n is a finite surjective moiphism, p\r> is a finite morphism. 

The canonical sheaf (O x /k remains to be trivial. Since p is an almost elementary fibration, 
then it is a smooth morphism such that for each point b € B the fibre p 1 (b) is a k(h)-smooth 
affine curve. Since n is finite, then the 5-scheme X is affine. 

Set U = Spec(ff x ffi, SC = U x B X, S> = U x B D. There is an obvious moiphism A = 
(id,can) : U —>• SC. It is a section of the projection pu : SC —>• U . Let p x : SC —> X be the 
projection to X. 

The base change of diagram (l30l) gives a commutative diagram of the form 



Lemma 7.1 (Ojanguren-Panin). There is a finite surjective morphism Hg = (pu -hg) : SC —>• 
A 1 x U of U-schemes such that for the closed subschemes Z[ := Hf l (1 xU) and Zq := Hf l (0 x 
U)of3C one has 

(i) Z x C SC - 2); 

(ii) Z() = A (U) UZq (equality of schemes) and Z' 0 C fC — 3>. 

Now regard SC as an affine A 1 x (/-scheme via the morphism IT. And also regard SC as an 
X-scheme via p x . 

Remark 7.2. By Lemma \7j\ the class \G, X :\ of the structure sheaf of the subscheme SC defines a 
morphism in Korg( A 1 X U,X) such that for i = 0.1 one has [^r]| {i}xu = [^z,]- Moreover, one 
has [Czf = [can] + [/] o [^ z /] and [^z'] € Korg(U,X — S ) and [&Zi\ € Korg(U,X — S). Thus 

[j] ° ([^zj - Wz$) = i can ] € Ko?o(U,X). 

Below we lift these elements to the category TuFfik) and equalities to the category Z Ffik). 

Lemma 7.3. There are an integer N 0, a closed embedding SC A 1 x U x A N of A 1 xU- 
schemes, an etale affine neighborhood (fV ,p : C —> A 1 x U x A N ,s : SC ^ C) of SC in A 1 x 
U x A N , functions (pi,.... (p^ G k[F] and a morphism r : C —>• SC such that: 

(i) the functions 91 ..... (p x generate the ideal l s (. 9 :~) in k[C] defining the closed subscheme 
s(SC)ofY; 

(ii) ros = id s{ ^ } ; 
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(iii) the morphism r is a U-scheme morphism if Y is regarded as a U-scheme via the mor¬ 
phism pru o p and 3F is regarded as a U-scheme via the morphism pij. 

By Lemma 17711 S>'q = A (U) U Q>q. Set Yq = p _1 (0 x U x A N ) and let W be the henselization 
of Yq in s(A(U)) (which is the same as the henselization of 0 x U x A N in A(£/)). 

Remark 7.4. By Lemma 17.31 the functions (pi |//', (px\#- generate the ideal I defining the 
closed subscheme s(A(U)) of the scheme W. In particular, the family 

€ I/I 2 

is a free basis of the k[U]-module I /l 2 . Another free basis of the k[U]-module I /l 2 is the family 

(h -A*(f 1 ))|* v ..,(f 1 -A*{t N ))\w el/I 2 . 

Let A € GL^{k\W\) be a unique matrix which converts the second free basis to the first one 
and let J := det(A) be its determinant. Replacing (pi by J l <p\, we may and will assume below 
in this section that J = 1 6 k\W}. This is usefid to apply Theorem ?? below. 

Set Y\ = p _1 (l xUx A N )n r~ x {SF — S>). Then s(3> i) C Y\. In fact, (ros)(!Yi)) =fjC 
X - 9 and p(^i) c 1 x U x A N . Thus Y f 0. 

Construction 7.5 (Etale neighborhood of S>\). The morphism p : p 1 (I x (/ x A' v ) —1 x U x 
A n is etale and the inclusion i\ \Y\ p~'(l xU x A N ) is open. Set p i = (p|) o ij. Then the 

triple 

(7i,pi: Y x -A 1 x U x A n ,si = s\ &l : -► Y x ) 

is an etale neighborhood of \ in 1 x U x A N . Let r\ = r\y x : Y\ —> SF — S>. 

Definition 7.6. Set a x = (@\,Y\, (pi |y i; • <PnWa (px)\sr~s>) °n) £Fr N (U,X-D). 

Set YJ = p- l {0xUx A n ) n r~ x {SF — S>). Then s(%) C Y^. In fact, (ros)(%)) = %C 
3F - 9 and p{%) C 0 x U x A N . Thus Y£ f 0. 

Construction 7.7. The morphism p | : p _1 (0 x U x A N ) —> 0 x U x A N is etale and the inclusion 
*o : Yq p _1 (0 x U x A n ) is open. Set Po = (p |) ° z’o- Then the triple 

(Yo,Po '■ Yq > 0 x U x A n ,sq = ■ Y>'q —> Yf) 

is an etale neighborhood of 3 )'q in 0 x U x A N . Let rg = r\-yi : Yq —> SY — Q>. 

Definition 7.8. Set oq = (%,Yq , <jPi |y 0 , 9w|r 0 ; {px)\%-®) °A>) €Fr N (U,X-D). 

Definition 7.9. Set r = {af) — (ao) G TLF^ifJ,X — D). 

Claim 7.10. One has an equality [j] o [r] = [can] °K\ GZ F n (U,X). 

In fact, take an element hg = (fF, Y, (pi ,..., (Pn\Px or) G Er^A 1 xU,X). By Lemma lTTIl the 
support of Iiq is the closed subset AlJ Y[ y Thus by Lemma l372l (/ini is the sum of two summands. 
Namely, 

{ho) = j° ( a o) + (A (U),W, (pi\w,-,<P N \w,Px o (r\ s (A(u))) 

in Z Fn(U,X). By Remark 17741 and Theorem 112.1 1 for the second summand one has 

[A {U),W,(pf yLT--i<PN\w\Px 0 {r\s(A{u))\ = ° r U(A(C7) ° (^ ° a)] ° [cr/X] = [can] o [a*}] 

in Z Fn(U,X). Clearly, h\ = j oa\ in Fr^iU,X). Thus one has a chain of equalities 
[j] o [«i] = [hi] = [h 0 ] = [j] o [a 0 ] + [can] o [off] 
in Z Fn(U,X). Whence the Claim. Whence Theorem [ATT] 
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8. Preliminaries for the injective part of the etale excision 


Let S C X and S' C X' be closed subsets. Let 

V' --X' 

n 

V --X 

be an elementary distinguished square with affine ^-smooth X and X'. Let S = X — V and 
S' = X' — V' be closed subschemes equipped with reduced structures. Let x € S and x' £ S' be 
two points such that Ll(x / ) = x. Let U = Spec{&xa) and U' = Spec{&x ',%')• Let n : U' —> U be 
the morphism induced by LI. 

To prove Theorem l2.131 it suffices to find morphisms a £ ZFn((U, U — S)),(X',X' — S')) and 
b G £ ZF n ((U, U-S)),(X- S,X - S)) such that 

[P]] ° [H] - [[;]] o [[be]} = [[can]} o [[o#]] ( 12 ) 

in 7LFn(U,U — S)),(X,X — S)). Here j : (X — S,X — S) —> (X,X — S) is the inclusion and can : 
(U, U - S) -> (X,X - S) is the inclusion. 

Let in : X° X and in' : (X')° '—?• X' be open such that 

(1) x £ X°, 

(2) x' £ (X')°, 

(3) n((x')°) CX°, 

(4) the square 

^'□(X') 0 -(X')° 

n|(x')° 

xnx°-^x° 

is an elementary distinguished square. 

Suppose morphisms a° £ ZFn((U,U — S)), ((X')°, (X')° — S')), b° G £ ZFn((U,U — S)), (X° — 
S,X° — 5)) are such that for the inclusions j° : (X° — S,X° — S) —> (X°,X° — S) and canx° : 
(U, U - S) -> (X°,X° - S) one has 

m\ { x >)•]] o [[*“]] - [[/]] o [[b° G ]] = llcanx -]] o [[<#]]. (13) 

Then the morphisms a = in' o a° and b G = in o b° G satisfy property (fT2l) . Thus if we shrink X and 
X' in such a way that properties (1) — (4) are fill filled and find appropriate morphisms a ] and 
b G , then we find a and b G subjecting condition (ED). 

Remark 8.1. One way of shrinking X and X' such that properties (1) — (4) are fulfilled is as 
follows. Replace X by an affine open X° containing x and then replace X' by (X') a = II '(X 0 ). 

Let Xf be the normalization of X in Spec(k{X')). Let n„ : X' n -£ X be the corresponding 
finite moiphism. Since X 1 is ^-smooth it is an open subscheme of Xf. Let Y" = X' n —X'. It is a 
closed subset in X'. Since n| 5 / : S' —> S is a scheme isomorphism, then S' is closed in X,'. Thus 
S' fl Y" = 0. Hence there is a function / £ k[Xf] such that f\ Y " = 0 and f\ s i = 1. 

Definition 8.2. Set X' new = {X' n )f, Y' = {/ = 0}, Y = I f,( Yf d ) C X. Note thatX' new is an affine 
k-variety as a principal open subset of the affine k-variety X/ r We regard Y' as an effective 
Cartier divisor ofX' n . The subset Y is closed in X, because I f, is finite. Set I \ n( , w = n|x' . 
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Remark 8.3. We have that 11^(5) = S'. Therefore the varieties X and X' new are subject to 
properties (1) — (4) of the present section. Below we will work with this X' new . However we will 
write X' for X' new . 

Lemma 8.4. Take X and X' as in Remark PO Shrinking X and X' as described in Remarked} 
one can find an almost elementary fibration q : X —>• B in the sense of |4j] {B is affine open in 
IP” -1 ) such that q\yus is finite, (0 B / k = & B , (0 x /k — @x- 

The shrunk scheme X' will be regarded below as a B-sclieme via the morphism q o 11. 

Remark 8.5. Ifq : X —> B is the almost elementary fibration from Lemma \8.4\ then kl l x ^ B — G x . 
In fact, (0 x /k — q*(®B/k) ® m x/B- Thus (0 X / B = G x . Since X/B is a smooth relative curve, then 
&X/B = ® 'X/B ~ @X- 

If, furthermore, j : X <—/ B x A N is a closed embedding of B-schemes, then in Kq(X) one has 
[t/V(j)] = (N — 1) [Tf x \, where -XTi f) is the normal bundle to X for the imbedding j. 

Thus increasing the integer N, we may assume that the normal bundle ,/K (j) is isomorphic 
to the trivial bundle 0 X 1 . 

Proposition 8.6. Let q : X —y B be the almost elementary fibration from Lemma \8.4\ Then 
there are an integer N 0, a closed embedding X r ~7 B x A' v of B-schemes, an etale affine 
neighborhood (Y,p : Y —> B x A N ,s : X ^7- Y) ofX in B x A' v , functions (pi,..., (pN-i £ k[Y] 
and a morphism r : "V X such that: 

(i) the functions (p\,...,(p X -i generate the ideal I S ( X ) in k[Y] defining the closed subscheme 
s{X) of Y; 

(ii) ros = id x ; 

(iii) the morphism r is a B-sclieme morphism if Y is regarded as a B-sclieme via the mor¬ 
phism pru o p, and X is regarded as a B-scheme via the morphism q. 

Definition 8.7. Let x € S, x f € S' be such that 11 (x') = x. Set U = Spec(/7 X x ), There is an obvious 
morphism A = (id, can) : U -7 U x B X. It is a section of the projection pu : U x B X —> U. Let 
Px'-U x B X —> X be the projection onto X. Let it : U 1 —> U be the restriction of II to U'. 

Notation 8.8. In what follows we will write U xX to denote U x B X, U xX' to denote U x B X', 
U' x X' to denote U' x B X', etc. Here X' is regarded as a B-scheme via the morphism q o 11. 

Proposition 8.9. Under the conditions of Lemma \8.4\ and Notation l& 81 there is a function h B G 
k\ A 1 x U xX] (6 is the parameter on the left factor A 1 ) such that the following properties hold 
for the functions h B , hi := he\ixUxX and ho := he\oxUx X : 

(a) the morphism (pr,li B ) : A 1 x U x X —> A 1 x U x A 1 is finite surjective, and hence the 
closed subscheme Z B := h B l ( 0) C A 1 xUxX is finite flat and surjective over A 1 x U; 

(b) for the closed subscheme Zq := h {) 1 (0) one has Zq = A(U)UG (an equality of closed 
subschemes) and G CU x (X — S); 

(c) the closed subscheme (idu x 11 ) ;< (/; |) = 0 is a disjoint union of the form Z\ U Z( and 
m := (idu x n)| z / identifies Z\ with the closed subscheme Z\ := {h \ = 0}; 

(d) Zq n A 1 x (U — S) x S = 0 or, equivalently, Zq n A 1 x (U — S) x X C A 1 x (U — S) x 
(X-S). 

Remark 8.10. Item (d) yields the following inclusions: Zq n A 1 x (U — S) x X C A 1 x (U — 
S) x (X-S), Z 0 n(U-S)xX(Z (U-S)x (X-S), and Z\C\(U — S) x X G (U — S) x (X-S). 
Applying item (c), we get another inclusion: Z( fl (U — S) x X' C (U — S) x (X' — S'). 
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Remark 8.11. The class [Gzf\ of the structure sheaf of the subscheme Zq defines a morphism 
in Koro(A l x (U,U —S),(X,X — S)) such that for i = 0,1 one has [&z e ]\{i}x(u,u-S) = Wz\- 
Moreover, by ( b) one has [&Zq] = [can] + [/] o [&g\ and [&g] £ Koro{{U,U —S),{X — S,X —S)). 
Thus 

[n] O [& z[ ] = \G z f\ = [G z ,\ = [can] + [j] o [0 G ] £ K3? 0 ({U,U - S), (X,X-S)). 

Below we lift these elements to the category Z F*(k) and equalities to the category ZF* (k). 

9. Reducing Theorem [2713] to Propositions 18.61 and I8. 91 

To construct a morphism b £ Fr^(U,X), we first construct its support in U x A' v for an integer 
N, then we construct an etale neighborhood of the support in U x A' v , then one constructs a 
framing of the support in the neighborhood, and finally one constructs b itself. In the same 
manner we construct a morphism a £ Fr^(U,X') and a homotopy H G Fr x (A 1 x U,X) between 
non and b. Using the fact that the support Zo of b is of the form A(U)UG with G CU x (X — S), 
we get an equality 

(b) = (b l ) + (b 2 ) 

in Z Fff(U,X). Then we prove that b\ = [can] o [o^] and [bfi factor through X — S. Moreover, 
we are able to work with morphisms of pairs. We will use systematically in this section the data 
from Proposition 18.61 The details are given below in this section. 

Under the assumptions and notation of Proposition 18.61 Lemma 18.61 and Remark 18.31 set 
V = X' Xg V. So we have a Cartesian square 

y n ' > y 


where r' and IT' are the projections to the first and second factors respectively. The section 
s : X —>• y defines a section s' = (id.s) : X' —» y' of r'. For brevity, we will write below U x "F 
to denote U XgY, U x 'f for U x e f , and id x p for id x# p : U x^y —>■ U x B (B x A”) = 
U x A n . Let py : U x y —> y be the projection. 

Let X C B x A n be the closed inclusion from Proposition 18 .61 Taking the base change of the 
latter inclusion by means of the moiphism U —^ B, we get a closed inclusion U x X C U x A n . 

Under the notation from Proposition 18.61 and Proposition 18.91 construct now a moiphism 
b £ Fiyf U.X). Let Zf) C U x X be the closed subset from Proposition 18.91 Then one has the 
closed inclusions 

A (U) UG = ZqCUxXcUx A n . 

Let /no : Zo C U x X be the closed inclusion. Define an etale neighborhood of Zo in U x A' v as 
follows: 

(Uxyjdxp-.Ux'T^Ux A n , {id x s)oin 0 :Z 0 £f/xf). (14) 

We will write A (U) U G = Zq C U x y for {{id x s) oin 0 ){Zo) Cf/xA. Let / £ k[U x Y] be 
a function such that f\ G = 1 and /|a({/) = 0- Then A(U) is a closed subset of the affine scheme 

{uxr) f . 

Definition 9.1. Under the notation from Proposition I A 61 and Proposition IS. 91 set 

b' = (Z 0 , U x y,p* r {(p\),...,p*y{(p N _ x ),{id x r)*(ho);pr x o{id x r)) € Fr N {U,X). 
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We will sometimes write below (Zq,U x V,py(cp),(id x r)*(ho)',pr x o (icl xr)) to denote the 
morphism b'. 

To construct the desired morphism b £ Fr^(U,X), we need to modify slightly the function 
P*//((pi) in the framing of Zq. By Proposition 18.61 and item (b) of Proposition 1 8.9 1 the functions 

Pr(<Pi),-,Pr(<PN-i),{id x r)*(ho) 

generate an ideal I(id*s)(MU)) in k[(U x 'F)/ defining the closed subscheme A(U) of the scheme 
(U x y)f. Let ti,t 2 , ■■■■Jn F k[U x A N ] be the coordinate functions. For any i = 1,2,... ,fV, set 
f- = ti — (?,'|A(t/)) F k[U x A^]. Then the family 

(t\d 2 ) • • • An) = (id x P)*(t[),(id x p)*(4),..., (id x p)*(t' N ) 

also generates the ideal / = I(idxs){\(u)) in &[(£/ x A)/]. This holds since < fl~4l > is an etale neigh¬ 
borhood of Zo in t/ x A ,v . By Remark [831 the k[U] = k[(id x .v)(Aff7))]-modulc I/I 2 is free of 
rank A. Thus the families (!”,?{> • • ■ Jn) an d (py(cpi),...,py((pN-i),(id xr)*(/io)) ai'e two free 
bases of the k[((id x 5 ) oA)({/))]-module I/I 2 . Let J £ k[U] x be the Jacobian of a unique matrix 
A £ Mnf(k[U]) which transforms the first free basis to the second one. Set, 

tpr=qb(j- ] )<p< £k\n 

where qu = pry o (id x p): V —>• U. Let A new £ M^(k\U]) be a unique matrix changing the first 
free basis to the basis 

(p1,(cpr),..,P*A<PN-i),(id x r)*(ho)). 

Then the Jacobian J new of A new is equal to 1: 

J new = 1 G k[U], (15) 

We will write 

(VuV 2 ,...,Vn-i) for (p* r ((p" ew ),-,Pr(<P N - 1 )). 

Definition 9.2. Under the notation from Proposition I&6I and Proposition (S'. 91 . vet 

b = (Zo, U x Y,\if u ...,xif N _i,(id x r)*(ho)\pr x o(id x r)) £ Fr N (U,X). 

For brevity, we will sometimes write 

b = (Zq, U x r,p* y ( ¥ ),(id x r)*(ho)\pr x o(id X r)). 

Under the notation from Proposition 18.61 and Proposition 18.91 construct now a morphism a £ 
Fr x (U,X). Let Z\ C U x X be the closed subset from Proposition 18.91 Then one has closed 
inclusions 

ZiCUxXcUx A n . 

Set (UxX')o = (U x X') - Z’{ and (U x 1Z’) 0 = (id x r’)~ l ((U x X’) 0 ). Let in x : Z, CU xX 
and in\ : Z\ c (U x X') Q be closed inclusions. Set, 

r Q = (id x r')\ {Uxr% : (U x V') Q -»■ (UxX') Q . 

Using the notation of Proposition l8.61 define an etale neighborhood of Z\ in U x A :V as follows: 

((U x y') 0 , (id x p)o (id x LI') : (U x y') a ->(/ x A N , (id x s')oin\ om -1 : Z\ (U x JL') 0 ). 

(16) 
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Definition 9.3. Under the notation of Proposition \8.6\ and Proposition \8.9\ set. 

a = {Z u {Uxy , ) 0 ,(idxIl , )*(y l ),...,(idxn , )*{\i/ N _ 1 ),r* 0 (Jdxn)*(h l y,pr x ,or 0 )eFr N (U,X')- 

For brevity, we will sometimes write 

a = (Zi, (U x y') 0 ,(id x U')*(\j/),r*Jid x Yl)*{h\)-,pr X ' or a ). 

Under the notation of Proposition 18.61 and Proposition 18.91 let us construct now a morphism 
Fie € Fr x (A ] x U,X). Let Zg C A 1 x U x X be the closed subset from Proposition 18.91 Then 
one has closed inclusions 

Zg C A 1 x u x X C A 1 x u x A n . 

Let ing : Zg C A 1 x U x X be the closed inclusion. Define an etale neighborhood of Zg in 
A 1 x U x A n as follows: 

(A 1 x U x "V,id x id' x p : A 1 x U x "V -A A 1 x U x A N , (id x id x s)oing : Zg —> A 1 x U x y). 

(17) 

Definition 9.4. Under the notation of Propositions I (S'. 61 and \8 . 91 we set 

Hg = (Zg, A 1 x U x y,i i i/pf_i,(id x id x r)* (hg); pr x o (id x id x r)) £ Fr x (A ] xU,X). 

We will sometimes write below (Zg, A 1 xU xY,y, (id x id x r)*(hg);pr x o (id x id x r)) to 
denote the morphism Hg. 

Lemma 9.5. One has equalities Hg = b, H\ = \ \ o a in Fr x (U.X). 

Proof The first equality is obvious. To check the second one, consider 

H\ = (Z\,U x y, Y, (id x r)*(h\)\pr x o (id x r)) £ Fr^(U ,X). 

Here we use (U x y ,id x p : U x y -A U x A N , (id x s) o im ■ Z\ —> U x y) as an etale neigh¬ 
borhood of Z\ in U x A N . Take another etale neighborhood of Z\ in U x A N 

((U x y') 0 , (id x p) o (id x n') : (U x y') 0 -t(/x A N , (id x s') oin[ omT x : Z\ -A (U x y ’) D ) 

and the moiphism id x IT: (t/ x y’) 0 U x 'V regarded as a morphism of etale neighborhoods. 
Refining the etale neighborhood of Z\ in the definition of H\ by means of that morphism, we 
get a /V- fra me H( = Hi, which has the form 

(Z\, (U x y') o, (id x n , )*(i/r), (id x Tl')*(id x r)*(h\)\pr x o (id xr) o (id x n')). 

Note that 

(id x Yl')*(id x r)*(h\ ) = r*(id x n)*(/q) and pr x o (id xr) o (id x n / ) = no pr x t o r a . 

Thus, H\ = H( =Y\oa in Fr N (U,X). □ 

The following le mm a follows from Lemma [3~4l and Remark T8. 101 

Lemma 9.6. The morpliisms a\u~s, b\u-s> Hg |a> x(u-S) an d n|x'-s' run inside X ' — S', X — S, 
X — S and X — S respectively. 

By the preceding lemma the morphisms a, b. Hg and n define morphisms 

((a))£ZF N ((U,U-S),(X',X'-S')),((b))£ZF N ((U,U-S),(X,X-S)), 
((Hg))£ZF N (A l x(U,U-S),(X,X-S)),((U)) £ ZF N ((X',X' — S'), (X,X — S)). 

(see Definition 13 .31) . Lemma 1931 and Definition [33]yield equalities 

((H)) o ((a)) = {(Hi)) and <(ff 0 » = ((b)) 
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in ZF n {{U , U - S),(X,X - S )). 

Corollary 9.7. One has an equality [[II]] o [[a]] = [[Z?]] in ZFpf((U,U — S),(X,X — S)). 

Proof of Corollary 1 9.71 In fact, by Corollary 13 .5 l one has a chain of equalities 

[[n]]o[[a]] = [[H l ]] = [[H 0 }] = [[b]] 

inZ F N ((U,U-S),(X,X-S)). □ 

Reducing Theorem \2.13\ to Propositions IS. 6\ and \8 .91 The support Zq of b is the disjoint union 
A (U) U G. Thus, by Lemma [3761 one has an equality 

«*>> = «M> + <<*2>> 

inZ F N ((U,U -S),(X,X-S)), where 

b\ = (A (U),(U x x r)*(h 0 );pr x o (id x r)), 

b 2 = ( G,(U x y~A(U), VO,-, Vn-u (id x r)*(h Q )\pr x o (id x r)). 

By Proposition !8.9l one has G CU x (X — S). Thus b 2 = jo bo for an obvious morphism b G G 
Fr N (U,X-S). Also, 

«M> = «;» o ((b G )) € ZF n ((U , U - S), (X,X - S)), 

where j : (X — S.X — (X.X — S) is a natural inclusion. By the latter comments and Corol¬ 
lary [9/7] one gets an equality 

[[n]]o[[a]] -[[;]] o[[b G ]] = [[b l }} 

in Z Fn((U, U — Sj , (X.X — S)). To prove equality (fl2l) . and hence to prove Theorem 12.131 it 
remains to check that [[Zq]] = [[can]] o [Tr/Y]]. Recall that one has equality (IT5l) . Thus the relation 
[[/?i]] = [[can]] o [[a/Y]] holds by Theorem 1 12. II This finishes the proof of Theorem l2.13l □ 

10. Preliminaries for the surjective part of the etale excision 

Let S C X and S' C X' be closed subsets. Let 

V' - *X' 

n 

V - *X 

be an elementary distinguished square with affine 7-smooth X and X'. Let S = X — V and 
S' =X' — V' be closed subschemes equipped with reduced structures. Let x € S and x! G S' be 
two points such that Llfx') = x. Let U = Spec(0 X)X ) and U' = Spec(ff X fy). Let n : U' —> U be 
the morphism induced by IT. 

To prove Theorem 12. 14l it suffices to find morphisms a G ZF^((Z7 ,U — A)), (X'.X' — S')) and 
b G g Z F n ((U', U' - S')), (X' - S',X' - S')) such that 

Ml»[W] - U \»[Ml = Ml ° [[<#]] ( 18 ) 

mW„(U',U'-S')),(X',X'-S')). Here j: (X'-S',X'-S')-> (X',X'-S') mican': (U',U'- 
S') —y (X',X' — S') ai - e inclusions. 

Replace X by an affine open neighborhood in :I°hX of the point x Replace X' by (X')° := 
II 1 (X°) and write in' : (X')° -A X' for the inclusion. Replace V by V nX° and V' with V' n 
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(X')°. Let can' 0 : U' —> (X')° be the canonical inclusion. Let j° : ((X'°) — S',(X')° — S') —> 
((X')°, (X')°-S') be an inclusion of pairs. If we find 

a°eZF N ((U,U-S)),((X’)°,(X')°-S’)) and b° G E ZF N ((U',U'-S')), ((X')°-S', (X')°-S')) 

such that 

m ° n*]] - m ° im = mi o [K}\, (i9) 

then the morphisms a = in' o a° and be = in' o b° G satisfy condition (flSl) . 

Let X' n be the normalization of X in Spec(k(X')). Let II„ : X' n —> X be the corresponding 
finite morphism. Since X' is ^-smooth it is an open subscheme of X' n . Let Y" = X' n —X'. It is a 
closed subset in X' n . Since II |y : S' —> S is a scheme isomorphism, then S' is closed in X' n . Thus 
S' fl Y" = 0. Hence there is a function / E k[Xf\ such that f\ Y » = 0 and f\$i = 1. 

In this section we use agreements and notation from Definition 1 8.2 1 and Remark [O] 

Proposition 10.1. Let q : X —> B is the almost elementary fibration from Lemma \8.4\ and let 
X' = X' new be as in the Remark IS.il Then there are an integer /V A 0, a closed embedding 
j : X' B x A' v of B-schemes, an etale affine neighborhood (F",p" : F" —>• B x A N ,s" : X' 
F") ofX' in B x A N , functions (p[ ,..., (p' N _i E k[F"] and a morphism r" : F" —> X’ such that 

(i) the functions ,.... (pf _, generate the ideal J s "(x r ) ln k[F"] defining the closed sub¬ 

scheme s"(X') ofF"; 

(ii) r" o s" = id X ’: 

(iii) the morphism r" is a B-scheme morphism if F" is regarded as a B-scheme via the 
morphism pru o p" and X' is regarded as a B-scheme via the morphism q o\ \ from 
Lemma \8.4\ 

Remark 10.2. If q : X B is the almost elementary fibration from Lemma \S.4\ then = 

&x- In fact, by Remark IS. 51 = (o x /b — &x- The morphism n : X' X is etale. Thus 

^x'/b = ^ x '- 

If furthermore, j : X' ^ Bx A N is a closed embedding of B-schemes, then one has \^'V(j)] = 
(N — \)[0 X ] in Kq(X), where ,/L (j) is the normal bundle to X' associated with the imbedding j. 

Thus increasing the integer N, we may assume that the normal bundle ./L(y) is isomorphic 
to the trivial bundle 1 . 

Definition 10.3. Let x E S, x' E S' be such that W(x') = x. We put U = Spec(ffx.x)- There 
is an obvious morphism A' = (id, can) : U' U 1 x b X'. It is a section of the projection piji : 
U' XbX' —> IJ'. Let p X i : U' x j S X' -X X' be the projection onto X'. Let K : U' —>• U be the 
restriction of II to U'. 

Notation 10.4. We regard X as a B-sclieme via the morphism q and regard X' as a B-scheme 
via the morphism q oil. In what follows we write U xX'forU x ^X', U' x X'for U' x /j X', etc. 

Proposition 10.5. Under the conditions of Lemma \8.4\ and Notation 170.41 there are functions 
F E k[U x X'] and h' e E k[ A 1 X U' x X'\ (6 is the parameter on the left factor A 1 ) such that the 
following properties hold for the functions h' 0 , h\ := h' e \i x u'x X ' an d h' 0 := h' g \oxU'xX'-' 

(a) the morphism ( pr,h ! 0 ) : A 1 x U' x X' —> A 1 x U' x A 1 is finite and surjective, hence 
the closed subscheme Z' d := (/?g) _1 (0) C A 1 x U' x X' is finite flat and surjective over 
A 1 x U'; 

(b) for the closed subscheme Z' {) := (/7q) -1 (0) one has Z' 0 = A'(U') U G' (an equality of 
closed subschemes) and G' <ZU' x (X' — S'); 
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(c) h\ = (7 cx id)*(F) (we write Z\ to denote the closed subscheme {li\ = 0}); 

(d) Z' B n A 1 x (U' - S') x S' = 0 or, equivalently, Z' e n A 1 x (U' - S') x X' C A 1 x (U' - 
S') x (X' -S'); 

(e) the morphism (pru,F) : U x X' —> U x A 1 is finite surjective, and hence the closed 
subscheme Z\ := F 1 (0) C t/ x X' is finite flat and surjective over U; 

(f) Zi D (U - S) x S' = 0 equivalently, Z { (1 (U - S) X X' C (U - S) X (X' - 5'). 

Remark 10.6. Item (d) yields the following inclusions: 

Z' e nA 1 x (U'-S!) xX'cA'x (U'-S') x (X'-S'), 

Z' n (t/' - 5') x X' c ([/' - S') x (X' - S'), 
z\ n (u' - s') xx'c ([/' - s’) x (x' - s'). 

Applying (/) we get another inclusion: Z\ n (U — S) x X' C (U — S) x (X 1 — S'). 

Remark 10.7. The class of the structure sheaf of the subscheme Z' e defines a morphism in 
Koro( A 1 x (U',U' — S'), (X',X' — S')) such that for i = 0,1 one has Wz e \\{i\x(u' ,u' -S') = [^z']- 
Moreover, by ( b ) one has 

Wz' 0 ] = [can') + [j] o [ff G ,\ 

and [ffff] e Kor 0 ((U', U' - S'), (.X' - S',X' - S')). Thus, 

m o [*] = = Wz& = [con] + \j\ o [e G ] G U' - S'),(X’,X' - S')). 

Below we will lift these elements to the category r LFfllc) and relations to the category r LFflk). 

11. Reducing Theorem EHU to Propositions 1 10. II and II 0.51 

We suppose in this section that S C X is k-smooth. To construct a morphism a £ Traill.X'), 
we first construct its support in U x A N for an integer N, then we construct an etale neighborhood 
of the support in U x A N , then one constructs a framing of the support in the neighborhood and 
finally one constructs a itself. In the same fashion we construct a morphism b £ Fr^(U',X') and 
a homotopy H £ Fr^( A 1 x U'.X') between a on and b. Using the fact that the support Z' 0 of b 
is of the form A'(U') U G' with C'ct/'x (. X' - S'), we get a relation 

(b) = (b l ) + (b 2 ) 

in ZFn(U',X'). Then we prove that [b\] = [can'] o [ 0 $,] and [bf\ factors through X' — S'. More¬ 
over, we are able to work with morphisms of pairs. In this section we will use systematically the 
data from Propositions 110.11 and 110.51 and Notation llQ.41 Details are given below in this section. 

Let X' C B x A n be the closed inclusion from Proposition 110.11 Taking the base change 
of the latter inclusion by means of the morphism U —> B, we get a closed inclusion U x X' C 
U x B (B x A n ) = U x A n . 

Under the notation from Proposition 110.11 and Proposition 110.51 construct now a moiphism 
b £ Fr^iU'.X'). Let Z' 0 C U' x X' be the closed subset from Proposition 110.51 Then one has 
closed inclusions 

A ’(U') U G' = Z' 0 C U' x X' C U' x A N . 

Let /«o : Z' {) C IJ' x X' be a closed inclusion. Define an etale neighborhood of Z' 0 in U' x A N as 
follows: 

(U x y" fid x p" : U' x y" ->U' x A n , (id x s) o in 0 :Z 0 ^Uxy). (20) 
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We will write A '(U')UG' = Z' 0 cU'x Y" for ((id x s")oin Q ){Z' 0 ) cU'x Y" . Let / € k[U x Y"\ 
be a function such that f\<y = 1 and /|a'(c/') = 0- Then A'(U ') is a closed subset of the affine 
scheme ( U’ x Y ")/. 

Definition 11.1. Under the notation from Proposition IS. 61 and Proposition l& 91 set 

b ' = (Z'o, U' x Y", (n X id)*{p*y,,{<p[),...,p*y„{<plf_ l )),{id X r"f{h' 0 )-,pr x , o (id x r")) G Fr N {U',X'). 

Here py : U x Y" —> Y" is the projection. We will sometimes write below (Z' {) .U' x Y". {it X 
id)*{py„{(p l )),(id x r")*{h'f);pr X ' o (id x r")) to denote the morphism b'. 

To construct the desired morphism b G Fr x (U'.X'), we need to modify a bit the function 
p*//"( ( p\) in the framing of Z( y By Proposition 110. II and item (b) of Proposition 110.51 the func¬ 
tions 

(n x id)*(py„((p[)),..., (n x id)*(py„((p' N _ l )),(id x r”)*(h {,) 

generate an ideal I(idxs")(M(u')) i n b\(U' x Y")f] defining the closed subscheme A'(U') of the 
scheme (U 1 x Y")f. Let t\.t 2 --... ?,v £ k\U' x A N ] be the coordinate functions. For any i = 

1,2,... ,N, set t[ = ti — (o|a'({/')) F k[U' x A N ], Then the family 

(tltl ... 4) = (id x p”y(t[),(id X p")*(t' 2 ),. .., (id x p")*(t' N ) 

also generates the ideal I = I(jdxs")(A'{U')) i n x This holds since (l20l) is an etale 

neighborhood of Z' 0 in U x A' v . By Remark 1 10.21 the k[U'} = k[(id x .v")(A , ft/ , ))]-modulc I/1 2 
is free of rank N. Thus the families 

(i’lf 2 ,••■4) and (PrYv[),---,Pr"(<PN-i)’( idxr ")*( h o)) 

are two free bases of the k[((id x s") o A')(U ’))]-module I/I 2 . Let J £ k\U') x be the Jacobian 
of a unique matrix A G M x (k[U']) changing the first free basis to the second one. There is an 
element A G k[U] such that A \sou =J\s'nu' (we identify here S'DU' with S(1U via the morphism 
n \s'nu')- Clearly, A G k[U] x . 

Set 

^[) new =qW- x )Wt)Fk[r% 

where qu = piq; o (id x p") : Y" —>• U. Let A new G M x (k[U]) be a unique matrix which trans¬ 
forms the first free basis to the basis 

(Pyn(((p[) neW ),---,Pyii((p' N -l)i(id X r ")*( h o))- 

Then the Jacobian J new of A new has the property: 

J new \s'nu’ = l ekis'nu'j. (21) 

We will write 

(VuVz,-~,Vn-i) for C Pv»((<Pi) neW ),-,Py"(<PN-i ))• 

Definition 11.2. Under the notation from Proposition I/O. / I and Proposition \10.5\ set 
b = (Z' 0 ,U , xY",(nxid)*(Yi),-,(nxid)*(\lf N - 1 ),(idxr")*(h' 0 y,pr xl o(idxr"))eFr N (U',X'). 
We will often write for brevity 

b = (Zq, U' x Y". (n x id)*( t/r), (id x r")*(ho)\pr X i o (id x r")). 
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Under the notation from Proposition 110.11 and Proposition 110.51 construct now a morphism 
a E Fr x {U .X'). Let Z\ C U x X' be the closed subset from Proposition 110.51 Then one has 
closed inclusions 

Z { CU xX' CU xA n . 

Let in\ : Z\ C U x X be the closed inclusion. Define an etale neighborhood of Z\ in U x A N as 
follows: 

(U x r",id xp" :U xV -+U x A N , (id xs) o tin :Z\^Ux y"). (22) 

Definition 11.3. Under die notation from Proposition \10.1\ and Proposition \10.5\ set 
a = (Z\,U x y" ,yt i,..., V^v_i, (id x r")*(F)\pr X ' o (id x r")) E Fr N (U,X r ) 

We will sometimes write (Z\,U x y", \ft, (id x i J ')*(F)\pr X ' o (id x r")) to denote a. 

Under the notation from Proposition 110.11 and Proposition 110.51 construct now a morphism 
FIq G Fr x ( A 1 x U',X'). Let Z' e C A 1 x U' x X' be the closed subset from Proposition 110.51 
Then one has closed inclusions 

Z'e C A 1 x U' x X' c A 1 x U' x A N . 

Let ine ■ X' e C A 1 x U' x X' be the closed inclusion. Define an etale neighborhood of Z' e in 
A 1 x U' x A N as follows: 

(A 1 xU'x y".id x id x p" : A l xU'x y" -tA'xl/'x A n , (id xid x s")oin e :Z' e ^A l xU'x y"). 

(23) 

Definition 11.4. Under the notation from Proposition 1/0. / I and Proposition 170.51 set Hq to be 
equal to 

(Z'e, A 1 xU'x y" ,pr*((n x id)*(yr)),(id x id x r")*(h' e )-,pr xl o(id x id x r")) E Fr N ( A 1 x U',X'), 
where pr -.A 1 xU'x y" ->U'x y" is the projection. 

Lemma 11.5. One has equalities Hq = b, H\ = aon in F r x (U' .X'). 

Proof The first equality is obvious. Let us prove the second one. By Proposition 1 10.5 1 one has 
h\ = (n x id)*(F). Thus one has a chain of equalities in Fru(U',X')\ 

a o n = (Z\,U x y" , (n x id)*(yr ), (n x id)*((id x r")*(F))-,prx> o (id x r") o (n x id)) = 

(Z\,U x y" , (n x id)*(y/), (id x r")*((n x id)*(F))\pr X ' o (n x id) o (id x r")) = 

(Z u Ux y”, (n x id)*(yr), (id x r")*(li\)\pr X ' o (id x r")) = H { . 

□ 

The following lemma follows from Lemma [3~4l and Remark Tl 0.61 

Lemma 11.6. The morphisms a\us, He Ia 1 x(u'-s') anc ^ Mu'-S 1 nm inside X' — S', X' — 

S', X' — S' and U — S respectively. 

By the preceding lemma the morphisms a, b. He and n define morphisms 

((a))GZF N ((U,U-S),(X',X'-S')),((b))eZF N ((U',U'-S'),(X',X-S')), 
((H e ))eZF N ( A 1 x (U',U'-S'),(X',X'-S')),((7i)) E ZF N ((U',U' - S'),(U,U - S)). 

(see Definition 13.31) . Lemma [1 1.51 and Definition [33] yield relations 

««»o«*» = «Hi» and ((H 0 )) = ((b)) 
in ZF n ((U', U' - S'), (X',X' - S')). 
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Corollary 11.7. There is a relation [[a]] o [[tt]] = [[&]] in Z Fn((U', U' — S'),(X',X' — 5')). 
Proof of Corollary I / / . 71 In fact, by Corollary [53] one has a chain of equalities 

[M]° [[*]] = W = [m] = lM 

in ZF N ((U',U' — S'),(X',X' — S')). □ 


Reducing Theorem \2.14\ to Propositions \10.1\ and \10.5\ The support Zo of b is the disjoint union 
A'(U') U G'. Thus, by Lemma IT6l one has, 

m) = m)+m) 

in ZF N ((U’,U' -S’),(X',X' - S')), where 

b\ = (A '(U'),(U' xy") f ,Yu--,¥N-u{id x r")*(h' 0 );pr x < o (id xr")), 


b 2 = ( G',(U' x y"-A'(U'), Yi,-.., \lf N -i,(id x r")*(h' o y,pr x > o (id x r")). 

By Proposition I10.5l one has G' CU' x (X' — S'). Thus b 2 = j ° b G i for an obvious moiphism 
b G , G Fr N (U',X' — S'). Also, 

((b 2 )) = mo((b a ))eZF N ((U f ,U’-S'),(X',X'-S')), 

where j : ( X' — S',X' — S') (X 1 .X' — S') is a natural inclusion. By the latter comments and 

Corollary II 1.71 one gets, 

MoM-i«>W = W 

in Z F X ((U' ,U' — S'),(X',X' — S')). To prove equality (fl 8 l) . and hence to prove Theorem l2.141 
it remains to check that [[b] ]] = [[can']] ° K']]- 

Let U" = {U’) h s , nu , be the henzelization of if at S' fl U' and let K 1 : U" —¥ U’ be the struc¬ 
ture morphism. Recall that S'HU' is essentially k-smooth. Thus the pair {U" ,S' n U r ) is a 
henselian pair with an essentially k-smooth closed subscheme S' fl if. Recall that one has equal¬ 
ity (I2TT) . Thus by Theorem 11 2.21 one has an equality [[Zq]] o [[jr']] = [[can']] o [[tt 7 ]] o [[< 7 ^,,]] in 
Z F n ((U", u" - S"), (X',X' -S')). Since %' o c%„ = o$ o 7 r' one has, 

M°[M] = [lcan']}o[[o»}o[[7c']\ G ZF N ((U",U" — S"),(X',X' - S')). 

Applying Theorem 12.131 to the morphism n' : U" —>• U', we see that for an integer M f 0 one 
has an equality 

[[<$]] = [[can']]o[[c^ N \] eZF M+N ((U',U'-S'),(X',X'-S')). 

Thus, 


MHMoiK]} -m o[[M]oWE = [[ 

Since n o off, = <J G o n, then we have that 

MHK'MM-Mo Mo [[<#]] = [[ 

Set a new =aoo^,, b^f = b<y o off,, N(new) 

holds: 


can'}} o [i<jM +N }} G ZF M+N ((U 1 , U' - S'), (X',X' - S ')) 

can'}}o[[o^ +N }}€W M+N ((U' ,U'-S'),(X' ,X'-S')) 

= M+N. With these in hand the following equality 


[M o [[*]] - [[;]] o [{b^}} = [[can'}} o [[c J^}} G ZF M+N ((U', V - S'),(X',X' - S')) 


The latter equality is of the form (flSl ). Whence Theorem 12.141 


□ 






















12. TWO USEFUL THEOREMS 


Theorem 12.1. Let W be an essentially k-smooth local k-scheme and let N ^ 1 be an integer. 
Let s :W x A n be a section of the projection pry/ : W x A N —> W. Let 

((W x A N )\ wy p : (W x A% w) -^-W x A N ,s h :W —>■ (W x A w )^ } ) 

be the henselization ofWx A N at s(W ) (particularly, s = p o s h ). Let X be a k-smooth scheme. 
Suppose 

a = (s(W), (W x A. •, (p N ;g ) € Fr N (W,X), 

is a N-framed correspondence such that the functions ((pi...., <p,y) generate the ideal I = fyw) of 
these functions in k[(W x A w )^^], which vanish on the closed subset s(VT). Let A E M^(k\W]) 

be a unique matrix transforming the free basis (t\ — (t\ U(vu)) ? - • • ,6v — (6 v|s(w))) of the free k[W]- 
module I /I 2 to the free basis (<p\,. .., <p,v) of the same k\W]-module. Suppose that the determi¬ 
nant J := det(A ) = 1 E k[W]. Then, 

[a] = \g o s h ] o [o$] E W N (W,X). (24) 

IfW° C W is Zariski open and X° C X is Zariski open and g(^(W 0 )) C X°, then 

[[«]] = [ko/]]o[K]]EZF w ((ff,ff 0 ),(I,r)). (25) 

Theorem 12.2. Let W be an essentially k-smooth local k-sclieme and N f I be an integer. Let 
S CW be a closed subscheme (essentially k-smooth) such that the pair (W. .S’) is henselian. LetX 
be a k-smooth scheme. Let s : W —>■ W x A N , a E Fov(lT,X), A E MN(k[W]), J := det(A) E k[W], 
s h be the same as in Theorem \12.1\ Suppose that /|s = 1 E k[S]. Then, 

[a] = [gos h ] o [a$] E ZF N (W,X). (26) 

//r C W is Zariski open and X° C X is Zariski open and g(s(lT 0 )) C X°, then 

[[«]] = [[*°^]]o [[<$]] £ZF N ((W,W°),(X,X°)). (27) 

To prove these two theorems, we need some technical lemmas. 

Lemma 12.3. Let W be a k-smooth affine scheme and let LA := (IT x A iV )(^ x0 be the henzeliza- 
tion ofW x A n atW x 0. Let TAg := (A 1 x IT x A N )^ yWy{) be the henzelization of A 1 x IT x A N 
at A 1 xW x 0. Then there is a morphism Hg : Wg —>• W such that: 

(a) H\ : W —> W is the identity morphism; 

(b) Hg'.TA ^rfA coincides with the composite morphism LA —> IT x A N IT fA. 

IfW° C IT is open, then set TA° := Pw xA n(W° x A n ) and TAf := P a } xWxA n (& 1 x W° x A n ). 
In that case Hg(Wf) C TA°. 

Corollary 12.4 (of Lemma [T231) . Let hg = (A 1 x IT x 0. Wg. y,Hg) E Fr N (pf x IT. '/A). Then 
one has: 

(a) hi = (W x 0,7A, y,idr) E Fr N ( A 1 x IT. W); 

(b) hg = (IT x 0, LA, t \r,sg o p w ) = so o (IT x 0, TA, iff; pw) E Fr^fA 1 x IT, TA\ where pw is the 
composite map W —y IT x A iV JFZf \y alu j V() ■ \y "/A is the canonical inclusion. 

Moreover, ifW° C IT is open, then hg IaVjT 0 nms biside TA°. 
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Lemma 12.5. Let (W x 0. W. i//; pw ) G Fr y (IT- W ), where pw '.TF^-Wbe the morphism from 
Corollarv \12.4\ Let A 0 G GLn(Ic\W}[ 9]) be a matrix such that Aq = id. Set A := A \ G GL^(k\W)). 
Take a row (xf /,..., )//(,) := (i/q,..., • p[y (A) in k[W] and take a TV -framed correspondence 

he := (A 1 x IV x 0, A 1 x#,^, ?f opr^) G Fry (A 1 xW.ff), 

where T'e = (pr.^(y/|),... ,prl^(t//y)) ■ p^(Ag) is a row in &[A* x ^]. 77zen one has: 

(а) he = (W x 0,^, y/,p w )i 

(б) /n = (wxo,5ry,pw). 

Moreover, for any open W° C VV the N-framed correspondence hg\^t xW o runs inside W°. 

Lemma 12.6. Let (W x 0, W. 1 p;pu/) G Fr^(W,W) be as in Lemma Vl2.5\ Suppose thefimctions 
\jfy/ N generate the ideal I C k\W\ consisting of all the functions vanishing on the closed 

subset W x 0. Furthermore, suppose that for any i = I. N one has that if/, = tj in I/l 2 . Set 

Ye,i = (1 -6)\if+6ti ek[A l x W\. Set y/ e := (tp 0 j,..., tp ejv )- Set 

he := (A 1 x W x 0, A 1 x W , y/e,Pw 0 P r w) € Fry(A' x W, W). 

Then one has: 

(a) h 0 = (W x y,pw); 

(b) hi = (W xO,W,ti,...,t N ;p w ) = (W xO,lV x A N ,ti,...,t N ;pr w ) = a 

Moreover, for any open IV 0 C W, the N-framed correspondence he | A i xW o runs inside W°. 

Lemma 12.7. Let a = (s(fV), (W x A N )^ w p<Pu-.., q>N\g) G Fry(fV,X) be a N-framed corre¬ 
spondence, where s : W —> W x A N , (W x A N )^ W) and s h :W —>■ (IV x A N )^ W . be as in Theorem 
172.71 Let T S :W x A N —>• W x A N be a morphism taking a point (w,v) to the point (w,v + 5(w)). 
Let T s h :W = (IV x A A, )(^ x0 —y (W x A N )^ W ^ be the induced morphism. Then one has, 

[a] = [lVxO, W ,91 or/ ! , ...,<p N oT s h -goT s h ] G Z F N (W,X). 

Moreover, ifW° C W is open and ifX° C X is any open such that g{s h (W°)) C X°, then one 
has, 

Ml = [\W x 0, W, <p! or‘.., fr o T s h ;g o T s h ]] G W N ((W,W°), (X,W°)). 

Proof of Theorem \12 .71 Let a G Fr^(W.X) be the TV-framed correspondence from Theorem 
112.11 By Lemma [l2.7l one has an equality in ZFpj{W,X) 

[a] = [iv x0,W r ,Y U ...,Y/f\g°T s h ] = [g°T s h ]o[W xf),TP .. ,y N \idw], 

where t//,• = (pi o T s h . By Corollary 1 12.4l one has an equality in ZFyflV. Wy. 

[IV x 0,W, i/q,..., \ff N ',id^\ = No [IV x0,#,^;p w ]. 

Thus, one has 

[a] = [gor/'oio] o [IV xO ,W,\jr,pw] = [go/]o[lV xO ,W,\fr,pw] eZF N (W,X). 

Clearly, the functions (tpi,..., 1 /%) generate the ideal 7o = Lv/O of these functions in k[W], 
which vanish on the closed subset IV x 0. Let A’ G M^(k[W]) be a unique matrix, which trans¬ 
forms the free basis {t\ ,..., tjj) of the free k[W ]-module 7o/7 ( , to the free basis (\jfi,...,\jr N ) of 
the same /c[lV]-modulc. Clearly, det(A r ) = det(A). Thus det(A ') = 1 G k\W\. The ring Tc[VV] is 
local. Thus A’ belongs to the group of elementary TV x TV matrices over k[W], Hence there is a 
matrix Aq g M^(f\W\ [0]) such that Ao = id and A] = (A') -1 G GL^{k\W\). By Lemma [12.51 
one has an equality 

[W x 0, W, xif, Pw ] = [IV x 0, W, V,pw] € ZF n (W, IV) 
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with the row ,.. ., yr' N as in Lemma [1 2.51 By construction, for any i = 1,... ,N the function 
y/' has the property: yfj = f) in /q/Tq. By Lemma [l2.6l one has an equality 

[WxO,wy,p w } = [o$] eW N {w,W). 

Thus, finally, 

[a] = [gos h ]o[a^}eZF N (W,X). 

If W° cwis Zariski open and X° C X is Zariski open and g(s h (W°)) C X°, then the same 
arguments prove the relation 

[[«]] = [[gos h ]}o[[a^]]eZF N ((W,W 0 ),(X,X°))- (28) 

Theorem 1 12. II is proved. □ 

Proof of Theorem \12.2\ Repeating literally the proof of Theorem 112.11 one gets an equality 

[[«]] = [\g°A] o [[c#" 1 ]] o [[/■?]] € ZTVaWMT), (X,X°)), (29) 

where [[/ • f]] is the class of the element {(.I ■ t)) corresponding to the 1-framed correspondence 

(W xO,W xA\j-t;pr w ) eFn(W,W) 

by means of Definition [T3] It remains to prove that [[/-f]] = [[?]] £ J^F ,W°), (fV,VT°)). Let 
i: S W be the inclusion. Since (VT. ,S') is an affine henselian pair with an essentially A:-smooth 
S', then there is a moiphism r : W —> S such that r o i = ids■ Moreover, there is a morphism 
Hq : A 1 x W —> W such that H\ = idw and Ho is the composite map W A S -4 W. Consider an 
1 -framed correspondence of the form 

/?e = (A 1 x W x 0,A ! x IT x A 1 ,mo (J x id A \) o (H x id)\pr k \ xW ) £ An (A 1 x W, A 1 x IT), 
where m : A 1 x A 1 —> A 1 is the multiplication. Clearly, hi = (IT x 0,lT x A 1 .7 ■ /; pr\y) and 
h 0 = (W xO,W xA\r*(i*(J))-t;pr w ) = (W x 0,W x A 1 ,t;pr w ). 

Thus [[/■?]] = [[t]] £ ZF]\r((W,W°),(W,W°)). Theorem 1 12. 21 is proved. □ 


13. Construction of h’ e , F and h e from Propositions IIP.5I and I8. 91 


In this section we recall a modification of a result of M. Artin from |0Ql concerning existence of 
nice neighborhoods. The following notion (see |4| Defn.2.1]) is a modification of that introduced 
by Artin in [T] Exp. XI, Def. 3.1]. 


Definition 13.1. An almost elementary fibration over a scheme B is a morphism of schemes 
p : X —y B which can be included in a commutative diagram 



(30) 


of morpliisms satisfying the following conditions: 

(i) j is an open immersion dense at each fibre ofq, and X = X — X rx y 

(ii) q is smooth projective all of whose fibres are geometrically irreducible of dimension 
one; 

(iii) r/eo is a finite flat morphism all of whose fibres are non-empty; 
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(iv) the morphism i is a closed embedding and the ideal sheaf Ix^ C Cy defining the closed 
subscheme Xoo in X is locally principal. 

Let X and X' be as in Lemma [8~4l and let q : X —> B be the almost elementary fibration from 

Lemma [8~4l The composite morphism X' X X \s quasi-finite. Let X' be the normalization 
ofX in SpecikiX')). Let LI: X' —>X be the canonical morphism (it is finite and surjective). Then 
(n) _1 (X) coincides with the normalization of X in Spec{k(X')). Let f := where / 

is from Definition l8.2l Let Y' = {/' = 0} be the closed subscheme of (11) 1 ( X ). The morphism 
(go (n|q-q x ^))|y/ : Y' -> B is finite, since q\y :Y —> B is finite and LI is finite. Thus Y' is closed 
in X'. Since Y' is in (fl) l (X) it has the empty intersection with AT. Hence 

x , =x'-((n)- 1 (x 00 )uT')- 

Both (LI) -1 (Xoo) and Y' are Cartier divisors in X'. The Cartier divisor (I I) 1 (X m ) is ample. Thus 
the Cartier divisor D' := LIT' is ample as well and (go]T)|£)/ : D' —> B is finite. 

Set f = X' X XgX' (the graph of the morphism 5-morphism LI). The projection Xx/ S 
X' —> X' is a smooth morphism, since q is smooth. The morphism (ff, id) is a section of the 
projection. Hence L is a Cartier divisor ini xgl'. 

Set r = prf x (U) C U Xgl'. Then T C U Xgl' is a Cartier divisor. The scheme U' is 
contained in T as an open subscheme via the inclusion ( K,can'), where can' : U' —> X' is the 
canonical morphism. The composite morphism pru o (n.can') :U' —>U coincides with n\U' —x 
U. Thus pry |r : r —> U is etale at the points of U'. 

Lemma 13.2. Set V = U r XyT <ZU' XjjU x X' = U' XbX'. Then V C U' XgX' is a Cartier 
divisor. Moreover, 

r' = a'(u') u g' 

and G'nU' x B S' = 0. 

Remark 13.3. It is easy to check that mt/ x fl S' = S(S'), where 8(s') = (7c(s'),s'). 

Definition 13.4. Set S>' = U XbD' and 9>" = U' x u = U' x n D' . They are Cartier divisors 
on U XbX' and U' XbX' respectively. Both 3>' and 3>" are finite over B. 

Let .vo G T(U x bX' ..X(fX')) be the canonical section of the invertible sheaf XX ( °X ') (its van¬ 
ishing locus is 3>'). Let .sp G Till xnX',.X(T)) be the canonical section of the invertible sheaf 
Jgf(F) (its vanishing locus is T). Let 5 a'(c/') £ T(U' XbX 'be the canonical section 
of the invertible sheaf .X(A'{U')) (its vanishing locus is A'(U')). Let sq> G T(U' x bX' ,.X(G')) 
be the canonical section of the invertible sheaf JX(G') (its vanishing locus is G'). Choose an 
integer n 0. 

Construction 13.5. Find a section S] G T(U x j<X',.X(n c X')) such that: 

(1) hIc/x^s' = n® (^r|t/x B s'). where r x G T(U x B S' ,^{nS>' -T))\ UXbS ') has no zeros; 

(2) \qi has no zeros. 

Construction 13.6. Set t\ := (n x id)*(s x ) G T(U' XbX' ,JX(nfif')). The properties oft\: 

(1') h\u'x B s' = r[ <8> { s a'(u') It/'xgS') <8> (s G '|t/'x B s') ■ A, where A G k[U'] x and 
r\ =(kx id)*{r\) G T(U’ x B X'-V)); 

(2') t\\gn has no zeros. 
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Construction 13.7. Construct a section to E r(U' x B X' ,^(nS>")) of the form to = t' 0 ® ^a'(c/')» 
where t' 0 E T(U' x B X' ,Ff(n^" —A'(U'))) satisfies the following conditions: 

( 1 ") t'o\s>" = (hW) ® {^m(u’)\si")~ X ; 

( 2 ") t' 0 \u'x B S' = r '\ < 8 > ( Sg'\u'x b s ') • A , where r\ and A are from Construction 173.61 
Lemma 13.8. (9/ic has: 

(l'") to\s>" = fi |^" and both sections have no zeros on S>"; 

(2'") /o|t/'x B y = h |u'x b 5 ' and both sections have no zeros on ( U' — S') x B S'. 


Indeed, the first equality is obvious. The second one follows from the chain of equalities 

to\u'x B S' = (t'o\U’ xbS 1 ) ® (^A'({/')|t/'x fi 5') = A ® ( S C \U 1 x B S ') ® (^A'(U') |t/'x B S') ’ A = t\\u<x B S'- 

Definition 13.9. Let s' 0 := (n x id)*(so) € r(L7' x B X' ($")). Set, 

*1 = £ t|A ’ x u ’ X ”T F = Jn e kV X »T- 

W I A 1 x U 1 x B X r K s 0) | Ux B X’ 

Proof of Proposition 170.51 The functions h' e and F satisfy properties (a) — (/) from Proposition 

no3i □ 


In the rest of the section under the hypotheses of Proposition 1 8.9 1 we will construct a function 
h e £k[ A 1 xUxX], 

Let X and X' be as in Lemma [8T4l and let q : X —> B be the almost elementary fibration from 

Lcnima [8~4l The composite morphism X' X -4- X is quasi-finite. Let X' be the normalization 
of X in Spec(k(X')). Let IT : X' —> X be the canonical morphism (it is finite and surjective). Let 
Xoo C X be the Cartier divisor from diagram (f30l) . Set := (fl) 1 (X, x ) (scheme-theoretically). 
Then Xf is a Cartier divisor on X'. Set 

E:=U XfiXec and E' := U x B Xf. 

These are Cartier divisors on U x B X and U x B X' respectively and (id x \\)*(E) = E'. 

Choose an integer n 0. Find a section r\ E T(77 x B S,^(nE — A(U)\ux B s) which has no 
zeros. Let^m E T(U x B X,J£(A(U)) be the canonical section of the invertible sheaf 2 z? (A(U)) 
(its vanishing locus is A (U)). 

Construction 13.10. Find a section ,vj E T(U x B X',Af (nE')) such that the following holds 

(1) the Cartier divisor Zj := {.vj = 0} has the following properties: 

(la) Z[ C U x B X'; 

(I a' ) the Cartier divisor Zj is finite and etale over U; 

(lb) the morphism i = (id x II)1 7 ' : Zj U x B X is a closed embedding; denote by Z\ the 
closed subscheme /(Zj) of the scheme U x B X; 

(lc) (id X nj-^Zi) = Zj UZ, (a scheme equality); 

(2) ^i|r/x B s' = (id x fl)*(s A (t/)) | u x B y ® ((id x n) | y X5S ,) * (n). 

Remark 13.11. Properties (la), (la') and (16) yield property (lc). 

Lemma 13.12. One has Zj fl U x B S' = 0. 

Note that the Cartier divisor Z\ in U x B X is equivalent to the Cartier divisor dnE, where 
d = [k(X') : £(X)]. Let si E T(U x B X,Jzf(Zi)) be the canonical section (its vanishing locus is 
Z 1 ). By property (lc) from Construction 1 13.1 Ol one has an equality 

(id x Tt)*(si) = (s[ <g>4)' (31) 
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where /./ E k\U] x and s' 2 E F(U x B X' ,.£(Zf)) is the canonical section of the line bundle X£{Zf). 

Definition 13.13. Sett\=s\ £F(U x B X,J£(Z\)) = r(t/ x B X,J£(dnE)). 

Construction 13.14. Construct a section to E F (U x B X ..£(dnE)) of the form to = s A([r) £ t' {) , 
where t' Q E r(£/ x B X ,J£(dnE — A(U))), where ^(t/) € F(U x B X, J£ (A(U))) is the canonical 
section (its vanishing locus is A(U) and t' 0 has the following properties: 

(!') t'ols = (ti|£)®(s A (£/)|E) -1 ; 

(2') ((id xU)\ UxB sdf%\u XB s) = ((idxn)| c/XB y)*(n)(8)(4| f/XsS /)-(/i|j /Xs y), where r u s\ are 
from Construction 1/2. 1 Gl and p E k[U ] x is defined just above (since U x B S' = U x B S condition 
(2') on t' 0 is a condition on t' 0 \ux B s)- 

Lemma 13.15. The following statements are true: 

(l w ) t{)\ B = t] \e and both sections have no zeros on E; 

(2") to\ux B s = h |f/x B 5 and both sections have no zeros on (U —S) x B S. 

Indeed, the first equality is obvious. To prove the second one, it suffices to prove the equality 

((id x n)|f/ Xfi s')*(fo|t/xfis) = ((id x n)| C / Xfl5 /)*(fi| f / XflS ). 

This equality is a consequence of the following chain of equalities: 

((idxn)\ UXBS >)*(t 0 \ VXBS ) = (id xYV)*(s^ U ))\ Uxb s'^> ((id xFV)\ UxljS i)*(ri)®(s2\ux B s')-{l J -\ux B s') 


= ^l|t/XBS ,( 2)(4|t7x fl 5')-(Ml£/x B S') — ((id x n)| £ / Xfl s/)*(ti| f /xas)- 

The first equality holds by property (2') from Construction 1 1 3 . 1 41 the second equality holds by 
property (2) from Construction 113.101 the third one follows from equality (|3TT) and Definition 

m 


Definition 13.16. Set, 


h e = 


((i-d)to + e h )\ AlxUxX €k[Al xUxX] 


( s E dn )\ A 1 xUxX 


Proof of Proposition 18.91 The function he satisfies properties (a) — (d) from Proposition [8? 


□ 


14. Homotopy invariance of cohomology presheaves 

In this section we prove Theorems ll4.13l and ll4.141 They complete the proof ofTheorem ll.il 
which is the main result of the paper. 

Definition 14.1. Let £ be a homotopy invariant presheaf of abelian groups with 7Ff transfers. 
Then the presheaf X H > i (X) :=£(X x (A 1 — 0))(X) is also a homotopy invariant presheaf 
of abelian groups with Z A -transfers. If the presheaf is a Nisnevich sheaf then the presheaf 
f£-\ is also a Nisnevich sheaf If the presheaf £ is stable, then the presheaf i is stable too. 

If the presheaf is a Nisnevich sheaf on Sm/k and Y is a k-smooth variety, then denote by 
Zf\y the restriction of to the small Nisnevich site ofY. 

Lemma 14.2. The category of Nisnevich sheaves with 7, F„-transfers is a Grothendieck category. 
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Lemma 14.3. For any Nisnevich sheaf ■'F with ZF^-transfers, any integer n and any k-smooth 
variety X, there is a natural isomorphism 

Hf Us (X,&)=Ext n (ZF*(X),&), 

where the Ext-groups are taken in the Grothendieck category of Nisnevich sheaves with ZF*- 
transfers. 

Corollary 14.4. For any Nisnevich sheaf ,:F with ZF^-transfers and any integer n, the presheaf 
X i—>• LPffX. ■Z r ) has a canonical structure of a ZF,.-p re sheaf 

In fact, this holds for the presheaf X i->- Fxt'FZFfX),.^-). 

Lemma 14.5. For any A 1 -invariant stable Z F* - sh eaf of abelian groups FF, any k-smooth variety 

Y and any k-smooth divisor D in Y the canonical morphism 

Hk(Y,FF)^H° Nis (Y,^(Y,F?))) 

is an isomorphism. 

Proof. The local-global spectral sequence yields an exact sequence of the form 

Hh is (Y,J^(Y,F?)))^H l D (Y,FF) 

H Nis (Y,J%I(Y,J?))) 

Hi Nis (Y,Mg(Y,^))). 

By Theorem [2T5jitem (3’)) the sheaf J4fp(Y,.'X )) vanishes. □ 

Lemma 14.6. Let X be an essentially k-smooth local henzelian scheme and let D C X be a 
k-smooth divisor. Let i ' : D X be the closed embedding. Then for any A 1 -invariant stable 
ZF. t -sheaf of abelian groups ■'X the Nisnevich sheaves z*(j^_i|o) and ,XF r \ (X .FA)) on the small 
Nisnevich site ofX are isomorphic. 

Proof. The group //q(X,JF)) is isomorphic to .F(X — D) //«?(.$T(X)) = FP(X—D)I FPfX). The 
latter equality makes sense by Theorem 12. 15 l item (3’)). Since X is essentially k-smooth and 
henselian, and D is essentially k-smooth, then there is a morphism r : X —>• D such that the 
composite map D -4 X -4- D is the identity. Let x LX be the closed point. Clearly, x € D. Set 

V := Spec{ fJ‘ D/ j k \ _(x,o))• Let / € k[X] be a function defining the smooth divisor D. Then the 
morphism 

(r,f) : X —)• D x A 1 

takes values in V. We keep the same notation for the corresponding moiphism (r.f) : X —> V. 
Note that (r.f) 1 (k) x 0) = D. Thus the morphism (r.f) induces a homomorphism 

[[(r,/)]]* : JF(V —Dx 0)/3?(V) -> &(X-D)/&(X). 

We claim that it is an isomorphism. To prove this claim note that the moiphism (r,f) induces 
a scheme isomorphism Xj) -x W/j x0 , where Xj) is the henselization of X at D and is the 
henselization of V at D x 0. Now Theorem 12.15f item (5)) implies the claim. 

By Corollary I2.16l the pull-back map 

= FF(D x (A 1 - 0 ))/&{D xA')-> &(V -Dx 0) /&(V) 

is an isomorphism, too. Thus there is a natural isomorphism 

(D) = FP(D x (A 1 -0 ))/&{D x A 1 ) &(V-D)/&(V) &(X-D)/&(X) = 

&(X-D)/Im(&(X))^H { D (X,&)) 

leading to an isomorphism of Nisnevich sheaves z*(J^_i|d) = J£q(X, FF) on the small Nis¬ 
nevich site of X. □ 
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Lemma 14.7. Let X be an essentially k-smooth local henzelian scheme and let D <ZX be a 
k-smooth divisor. Let I: D x A 1 c —X xA 1 be the closed embedding. Then for any A 1 -invariant 
stable ZF^-sheaf of abelian groups fP the two Nisnevich sheaves /* |d x a‘ ) and J^ xA i (X X 
A 1 ,^)) on small Nisnevich site ofX x A 1 are isomorphic. 

Proof. The proof is similar to that of Lemma fl4.6l □ 

Corollary 14.8. The pull-back map p x : HjfX ..P) —> H'j ) , (X x A 1 . ,P) is an isomorphism, 
where px : X x A 1 —x X is the projection. 


Proof. One can check that the following diagram commutes 


^_i(Dx A 1 ) 

P*D 

&-1 (D)~ 


■H° ms (Xx A\^ xAl (XxA\^)) 

Px 

- ^H 0 Nis (X,J%(X,dP)) -- 


H 1 Dx a(Xx A\&) 
Px 


where the maps a and /J are isomorphisms of Lemmas 114.61 and 114.71 respectively, the maps 
(p and y/ are isomorphisms of Lemma 114.51 the vertical maps are the pull-back maps. The 
sheaf is homotopy invariant, because so is the sheaf -P. It follows that the map p* D is an 
isomorphism, whence the corollary. □ 


Corollary 14.9. Under the the hypotheses of Lemma \14.7\ the boundary map 

d : fP((X — D) x A 1 ) —x H l DxAl {X x A 1 , &) 

is surjective. 

Proof. By Corollarv ll4.8l the pull-back map p x : HjfX ,.P) —> H ] p x A , (A x A 1 , -P) is an isomor¬ 
phism. The boundary map d : TP(X — D) —x Hb{X,LP) is surjective since X is local henselian, 
whence the corollary. □ 


Proposition 14.10. Under the the hypotheses of Lemma \14.7\ the map 
HL(X x A 1 ,^)) -D) x A\fP)) 

is injective. 


Proof. This follows from Corollary 114.91 □ 

Proposition 14.11. Let fp be an A 1 -invariant stable PF t -sheaf of abelian groups. Then 

= 0 . 

Proof. Let a E Hjj is (A l K ,fP). We want to prove that a = 0. The Nisnevich topology is trivial 
at the generic point of the affine line A l K . Therefore there is a Zariski open subset U in A\, 
such that the restriction of a to U vanishes. Let Z be the complement of U in Pf K regarded as 
a closed subscheme with the reduced structure (it consists of finitely many closed points). Let 
V := Uj 6 z(A 1 )^, where each summand is the henselization of the affine line at z € Z. Then the 
cartesian square 

V-Z-s- V 

n 

U -.A]> 
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gives rise to a long exact sequence 

&(U) © J?(V) -A &(V - z) 4 H l ms (A l K ,&) -z H x Nis (U^) ®H l ms {V, &). 

The left arrow is surjective by Theorem [2T5] (items (2), (5)). The group H ] Nis {V, .IF) vanishes by 
the choice of V. Thus the map H^ js (A ] K ,,'F) —> H [ Nis (U.,F) is injective, and hence a = 0. □ 

Proposition 14.12. Suppose the base field k is infinite and perfect. Let fF be an A 1 -invariant 
stable ZF^-sheaf of abelian groups. Let Y be a k-smooth variety and let a £ H^ is (Y x A 1 . , { F) be 
an element such that its restriction to X x {0} vanishes. Then a = 0. 

Proof. The exact sequence 

0^H l ms (Y,P*(&)) x A 1 ) 4<,(T,/?V*(^)) 

and the fact that the sheaf JF is homotopy invariant show that for 

A := Ker[i* : <,(T xA 1 /)^ H x Nis (Y^)\ 

the map /3 |a : A —y H^ is (Y,R l p*(lF)) is injective. The stalk of the sheaf R l p*(^) at a point 
v G K is H^ is (Yy x A 1 , JF), where Y y = Spec(/Zy y ) is the henzelization of the local scheme 
Spec(^Y,y)- By Proposition 114.111 there is a closed subset Z in Y such that j8 ( a ) | y-z = 0- Since 
the field k is perfect, there is a proper closed subset Z\ C Z such that Z — Z\ is ^-smooth. Then 
Z — Z\ is a /c-smooth closed subvariety in Y — Z\. 

We claim that a\ := o^y-z^xA 1 = 0. In fact, a\ |(r-Z|)x0 = 0- Thus it suffices to check that 
all stalks of the element f5 (ai ) vanish. Let y £ Y — Z\ be a point. If y £ Y — Z then /3 (a\ ) y = 0, 
because P(ai)\y-z = 0. If y£Z-Zi then shrinking Y — Z\ around y we may assume that there 
is a ^-smooth divisor D in Y — Z\ containing Z — Z\. In this case a\ \y-d = 0. Now Proposition 
114. 101 shows that fi(a\) y = 0. We have proved that a\ = 0. 

Now there is a proper closed subset Z^_ C Z\ such that Z\ — Zi is ^-smooth. Then Z\ — Zi is a k- 
smooth closed subvariety in Y —Zi. Arguing just as above, we conclude that ai := «|( 7 -z 2 )xA 1 = 
0. Continuing this process finitely many times, we conclude that a = 0. □ 

Theorem 14.13. Suppose the base field k is infinite and perfect. If fF is an A 1 -invarian t stable 
7LF t -sheaf of abelian groups, then the ZF t -presheaf of abelian groups X i—> H^ is (X ,,F) is A 1 - 
invariant and stable. 

Proof. By Corollary 114.41 the presheaf X i-x //..{, /v (X ..F) has a canonical structure of a ZF*- 
presheaf. Let X be a ^-smooth variety. Let Ox £ F>'\ (X.X) be the distinguished morphism of 
level one. The assignement X i-x (<r| : JF(X ) —>• ■F(X)) is an endomorphism of the Nisnevich 
sheaf JF| Sm /k- Thus for each n it induces an endomorphism of the cohomology presheaf a* : 
//"(—,&) —x //"(—, JF). Since a* acts on JF as the identity, it acts as the identity on the 
presheaf /F'(— ,2F). We see that the ZF*-presheaf //”(—, JF) is stable. 

To show that the presheaf X i-x H ] Nis (X,,YF) is A 1 -invariant, note that the pull-back map i* {) : 
H^ is (X xA 1 /) —»■ H^JX.-F) is surjective. It is also injective by Proposition 114.121 Our 
theorem now follows. □ 

Theorem 14.14. Suppose the base field k is infinite and perfect. Let JF be an A 1 -invariant 
stable ZF *-sheaf of abelian groups. Then for any integer n f 2, the presheaf X HX (X ,-F) 

is an A 1 -invariant and stable Z F t -p re sheaf of abelian groups. 
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Proof. We can apply the same arguments as in the proof of Theorem 114.131 to show that the 
presheaf X H'f s (X ..FF) is a ZF*-presheaf of abelian groups, which is, moreover, stable. 

It remains to check that the presheaf is homotopy invariant. We may assume till the end of 
the proof that each presheaf X H > H J Nis (X .,'X) with j < n is homotopy invariant. 

In order to complete the proof of the theorem, we shall need a couple of lemmas. The first 
lemma is as follows. 

Lemma 14.15. For any A 1 -invariant stable hF^-sheaf of abelian groups FF, any k-smooth va¬ 
riety Y, any k-smooth divisor D in Y and any integer n f 2, one has the equality Fl'f{Y,^) = 0. 

Proof Applying the local-global spectral sequence, it is sufficient to check that the groups 
H' Nis (X x A 1 (X x A 1 . ,F)) vanish for i + j = n (here i,j ^ 0). Let j= 1. By Lemma l 14.71 

one has (X x A 1 ,^")) = 7*(#li). Thus, 

H n N l\X x A l ,J^ xAl (X x A 1 ,^))) = H*~ U \X x A = 

= ^: 1 (/)xA 1 /. 1 )= H^ S \D, ) = 0. 

The latter equality holds since D is local henzelian. If j = 0, then the sheaf , ( X x A 1 . ■F) 

vanishes. Obviously, the stalk of this sheaf vanishes at every point z G (X-D)x A 1 . If z G 
DxA 1 then the stalk vanishes by Theorem 12. 151 (item (3’)). Let n. Then the sheaf 

J^ xA i x A 1 , .X)) vanishes. Obviously, the stalk of this sheaf vanishes at every point z G 
(X — D) x A 1 . If z G D x A 1 then the stalk of the sheaf at the point z is equal to the group 
FIy(fF, FF), where FXF is the henselzation of X x A 1 at z and is the henselzation of DxA 1 at 
z. Since H^ is ( FF..G) = 0 one has equalities 

^)}=H^ S \FF-9,&)/h£(X.,&). 

The latter equality makes sense by Theorem 12.151 item (3’)). 

Now, applying Theorem 12. 151 item (5)) and Corollary 12. 161 to the presheaf (—,&) and 
arguing as in the proof of Lemma fl4.6l we get an isomorphism 

It suffices to check that Fli,^ (fp x G m ,-G) = 0. The presheaf //.(,■ v ' (— x G m ..G) is a homotopy 
invariant ZF*-presheaf, which is also stable. By Theorem 12. 15 l item (3’)) the map 

x HMg 1 (Spec(k(D)) x G mi FG) = H J Ni ^{G m ^ D ),&) 

is injective. By Theorem 12.91 the map H^ is \^m,k(D)^) H L\ s P ec ( k ( D )(t))i^) is injec¬ 
tive. The latter group vanishes, because the Nisnevich topology on Spec(K) is trivial, where K 
is a finitely generated field over k. Thus H ] Ni ^{3> x G m ..G) = 0 and . <G) = 0, too. The 

lemma follows. □ 

Let us return to the proof of Theorem \14.14\ Under the hypotheses of Lemma 114.71 the 
preceding le mm a implies the map 

H n m (XxA'/jGf/^I-DjxA 1 /) (32) 

is injective. 

Next, we claim that for a k-smooth variety Y and the projection p : Y x A 1 —> Y the Nis¬ 
nevich sheaves R’p*(FG) vanish for j = 1,— 1. In fact, such a sheaf is associated with 
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the presheaf U i-a H^JJJ x A 1 ,^"). The presheaf H J Nis (U ,<#") is homotopy invariant. Thus 
H J Nis (U x A 1 , .’F) = H^ is (U. .A). Since j A I the associated Nisnevich sheaf vanishes. 

Since the Nisnevich sheaves Rip*{^) vanish for j = 1, 1, one has an exact sequence 

0^H n m (Y,p^)) ^H n ms (Y x A 1 ) 4 H° is (Y,R" P *^)). 

Since the sheaf .A is homotopy invariant, then for 

A := Ker% : //^,(T xA’/J-t &)\ 

the map /3 |a : A —)■ H^JY. R“ p t (fF)) is injective. Arguing as in the proof of Proposition 1 14. 121 
and using the fact that map (1321 ) is injective, we get the following 

Lemma 14.16. Suppose the base field k is infinite and perfect. Let .A be an A 1 -invariant stable 
ZF^-sheaf of abelian groups. Let Y be a k-smooth variety and let a € H'f is (Y x A 1 , .A) be an 
element such that its restriction toYx {0} vanishes. Then a = 0. 

The pull-back map ;'g : Hf is {Y x A 1 , ,F) —»• H^ is (Y, .A) is surjective by functoriality. By 
Lemma fl4.16l it is also injective. This completes the proof of Theorem ll4.14l □ 
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